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Summary. We present highly adaptve hierarchicarepresentationf thetopologyof func-
tions de ned over two-manifolddomains.Guidedby the theoryof Morse-Smaleeomplees,
we encodadependencielsetweercancellation®f critical pointsusingtwo independenstruc-
tures:atraditionalmeshhierarchyto storeconnectvity informationandanew structurecalled
extrematreeto encodethe con guration of critical points.Extrematreesprovide a poverful
methodto increaseadaptvity while using a simple, easy-to-implementlatastructure.The
resultinghierarchyis signi cantly more e xible thanthe onepreviously reported(4]. In par
ticular, theresultinghierarchyis guaranteedo be of logarithmicheight.

1 Intr oduction

Topology-basednethodsusedfor visualizationand analysisof scienti ¢ dataare
becomingncreasinglypopular Theirmainadvantagdiesin thecapabilityto provide
a concisedescriptionof the overall structureof a scienti ¢ dataset.Subtlefeatures
can easily be missedwhen using “traditional” visualizationmethodslike volume
renderingor iso-contouring,unless“correct” transferfunctionsand isovaluesare
chosenOn the otherhand,the presencef a large numberof smallfeaturescreates
a “noisy visualization, in which larger featurescanbe overlooked. By visualizing
topologydirectly, onecanguaranteghatno featureis missed Furthermorepnecan
usesoundmathematicaprinciplesto simplify atopologicalstructure Thetopology
of functionsis alsooftenusedfor featuredetectiorandsegmentatior(e.g.,in surface
segmentatiorbasecdn curvature).

However, for topology-basediataanalysisoneneedse xible, hierarchicaimod-
elsableto adaptiely remove noiseor featuresot relevantfor a particularsegmen-
tation.In practice the simpli cation/re nementshouldbe fast(possiblyinteractive)
and highly adaptve in orderto be usefulin a large variety of situations.Requir
ing interactivity inadwertentlyleadsto the useof hierarchicalencodinggatherthan
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simpli cation schemesHierarchicalmodelsoften reducethe adaptvity of arepre-
sentatiorto gaintheability to preformincrementathangedor varyingqueries.

We addresshe needfor adaptve topology-basediataexplorationby improving
signi cantly the topologicalhierarchyproposedn [4]. Creatingtwo largely inde-
pendentierarchieswe shav how onecanremove mary of thedependenciem the
original hierarchy makingthe structuresimpler more compactand moreadaptve
thantheoriginal one.

1.1 RelatedWork

The topologicalstructureof a scalar eld canbe describedpartially by its contour
tree[17, 5, 18], which describeghe relationsbetweenthe connecteccomponents
of its level sets.This structureprovidesa userwith a compactrepresentationf the
topology[1] andcanbeusedto accelerat¢he computatiorof isosurbiceq24]. How-
ever, the contourtree provideslittle informationaboutthe embeddingof the level
setsandthereforeremainssomeavhat abstractMorsetheory[16, 15], on the other
hand,providesmethodgo analyzethe completetopologyof a functionovera man-
ifold aswell asits embeddingEarly approachefor the bivariatecaseare provided
in [6, 14, 19]. More recently the Morse-Smalecomplex wasintroducedby Edels-
brunneretal. [9, 8] asa descriptionof the topologyof scalarvaluedfunctionsover
two- andthree-dimensionahanifolds.Applicationsof thistheoryvary from implicit
geometrymodeling[21] to shapedescription13]. Relatedconceptsarealsousedin
o w visualization HelmanandHesselin12] shovedhow to nd andclassifycriti-
calpointsin ow elds andproposea structuresimilarto the Morse-Smaleomplex
for vector elds. Later, methodgo analyzeandsimplify this complex wereproposed
by deLeeuwandvanLiere[7] andTricocheetal. [22, 23].

The rst multi-resolutionencodingof a Morse-Smaleomplex we areaware of
wasproposedy Pfaltz[20], whichhasbeenmprovedandextendedy Edelsbrunner
etal. [9] andBremeretal. [3, 4]. Morerecenthierarchicaktructurearebasednthe
conceptbof persistencd10], whichrelatesthe differencen functionvalueof critical
pointpairsto theimportanceof atopologicalffeature GivenaMorse-Smaleomple,
we

1. provide animprovedhierarchicakencodingof the Morse-Smaleomple;
2. provethattheresultinghierarchyis of logarithmicheight;and
3. demonstrateur methoddor variousdatasets.

We rst review necessargonceptdrom Morsetheoryandthe constructiorof a
Morse-Smaleomplex (Section?2). In Section3, we describeextrematreesandthe
resultinghierarchyin Section4. We concludewith resultsandpossibilitiesfor future
researct{Sectionb).
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2 Morse-SmaleComplex

We baseour algorithmson intuitions derived from the study of smoothfunctions.
We review key aspectgrom Morsetheory[16, 15] for smoothfunctionsanddiscuss
how thesecanbeusedin the piecaviselinearcase.

2.1 Morse Theory

Givena smoothfunctionf : M'! R, apointa2 M is calledcritical whenits gra-
dient5 f(a) = (df=dx;df=dy) vanishesijt is called regular otherwise.For two-
manifolds, (hon-degenerateXxritical points are maxima(f decrease# all direc-
tions), minima (f increasesn all directions),or saddleg(f switchesbetweende-
creasingandincreasingour timesaroundthe point). Usingalocal coordinatdframe
at a, we computethe HessianH of f, which is the matrix of secondpartial deriva-
tives.If H is non-singulamve canconstrucialocal coordinatesystemsuchthat f has
theform f(xg;x2) = f(a) x% x% in a neighborhoof a. The numberof minus
signsis theindex of a anddistinguisheghe differenttypesof critical points:minima
haveindex 0, saddledaveindex 1, andmaximahaveindex 2.

At ary regular point, the gradient(vector)is non-zeroandwhenwe follow the
gradientwe traceout an integral line, which startsat a critical point andendsat a
critical point, while technicallynot containingeither of them. Since f is smooth,
two integral linesareeitherdisjoint or the same The descendingnanifoldD(a) of a
critical pointa is the setof pointsthat o w toward a. More formally, it is the union
of a andall integral linesthatendat a. The collectionof descendingnanifoldsis a
comple in the sensethat the boundaryof a cell is the union of lower-dimensional
cells. Symmetrically we de ne the ascendingmanifold A(a) of a asthe union of
a and all integral lines that startat a. When neglecting certain degeneratecases,
see[9], we canoverlay thesetwo complecesand obtain what we call the Morse-
Smalecomple, or MS comple, of f. Its verticesaretheverticesof thetwo overlayed
complexes,which arethe minima, maxima,andsaddlesf f. Its cellsarefour-sided
regionsboundeddy partsof integral linesbetweersaddlesaindextrema.An example
is shavn in Figurel.

© minimum
@® maximum
& saddle

Fig. 1. Morse-Smaleomple.
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Usingtheinsightgainedfrom smoothMorsetheorywhenappliedto piecavise
linear functions,we follow the conceptsdescribedn [3]. We identify and classify
critical pointsbasedon their local neighborhoodsee[2, 9]. If all verticesthatare
edge-connectetb a point u have functionvaluesbelow thatof u, we call it a max-
imum; if all areabove u, thenwe call it a minimum etc.,seeFigure2. In general,
therecanexist saddlesvith highmultiplicity thatwe splitinto simpleonesasshovn
onthefarrightin Figure2.

g o .
SRR ol wel L e
RN v eel
I o o« el N :;‘o

minimum regular point saddle maximum splitting of two-fold saddle

Fig. 2. Classi cationof a vertex v basedon relative heightof its edge-connectedeighbors,
wherelight vertices/edgemarkhigherneighborsandsolid vertices/edge®wer neighbors.

2.2 Persistence

As anumericalmeasuref theimportanceof critical pointswe de ne pairsof critical
pointsandusethe absolutedifferencebetweertheir height/functiorvalues.Theun-
derlyingintuition is thefollowing: We imaginesweepinghetwo-manifoldM in the
directionof increasingheight(w.r.t. the scalar eld value.)Thetopologyof the part
of M below thesweegine changesvhene/erwe adda critical vertex, andit remains
unchangedvheneer we adda regular vertex. Exceptfor somespecialcasesgach
changeeithercreatesacomponenbr it destoysacomponentWe pairavertex v that
createsa componentvith thevertex u thatdestrgs the componentThe persistence
of uandof vis the“delay” betweerthetwo events:p= f(v) f(u), see[10].

2.3 Construction

In practice we constructhe MS comple< by successiely computingits edgesstart-
ing from the saddlessee[3]. Startingfrom eachsaddle we computetwo lines of

steepesascentndtwo lines of steepestiescentonnectinghe saddleto two max-
ima andtwo minima. We call theselines ascendingr descendingpaths Two paths
in the samedirection(ascendingr descendingtanmeme;two pathswith different
directionmustremainseparateOncetwo pathshave beenmemgedthey never split.

Following theserules,we areguaranteedo producea non-degeneratéVlS complex.

A moredetailedanalysiscanbefoundin [3]. Having computedall pathswe partition
thesurfaceinto four-sidedregionsformingthecellsof theMS complex. Speci cally,

we grow eachquadrangldrom a triangleincidentto a saddlewithout ever crossing
apath.
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2.4 Simpli cation

To simplify anMS complex locally we usea cancellationthateliminategwo critical
points. The inverseoperationto re ne the complex is called an anti-cancellation
Only two critical pointsadjacenin an MS complex canbe canceledThe possible
con gurationsareaminimumandasaddleor asaddleandamaximum.Sincethetwo
casesaresymmetricwe limit our discussiorto the secondcasewhich s illustrated
in Figure3.

Fig. 3. Graphof afunctionbefore(a) andafter (b) cancellatiorof pair u; v.

Letv bethesaddleandu themaximumof thecanceledair, andlet w betheother
maximumconnectedo v. We requirethatu 6 w and f(w) > f(v); otherwise,we
prohibitthe cancellatiorof u andv. In particular a cancellatioror anti-cancellation
mustalways maintaina valid MS complex. An MS comple is calledvalid, if all
cells have four (not necessarilydistinct) cornersand every path betweena saddle
and maximum/minimumis ascending/descendinglternatively, an adaptiely re-
ned MS compleis valid if it canbe createdrom the highestresolutiononeusing
asequencef cancellations.

3 ExtremaTrees

The informationan MS complex provides canbe separatednto the critical points
andtheir connectvity. The critical pointsinformationincludesposition, type, and
functionvalueandwe referto this ascritical point con guration (CPC). The con-
nectvity encodesvhich paths(edgesye ne aMorsecell andthe neighboringnfor-
mationbetweercells.As with mostmeshencodingschemeshe CPCprovidesmost
(but notall) informationaboutthe MS complex. Especiallyduringsimpli cation, the
connectvity of theMS complex canoftenbeinferedfrom the CPC.For example,in
Figure 3 after u andv have beenremoved all saddleghat were connectedo u are
now connectedo w.

Whenencodinga cancellationthe separatiorbetweenCPC and connectvity is
veryintuitive. Thetop row of Figure4 shavsthreeconsecutie cancellation€1,C2,
andC3 of minima.To reverseary of thesecancellation®ne rst needso know how
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the connectvity of the MS complex changesFor example,in Figure4(d) m4 must
be createdon the left of m3 (not on its right.) This informationis provided by the
neighborhoodelationsbetweenMorsecells, seeSection4. However, knowing the
appropriateconnectvity is still leaving ambiguity ReversingC1 seemsgo resultin

thestructureof Figure4(e).NeverthelesstheMS complecdravn in (f) hasthesame
connectvity but adifferentCPC.

(d) (e) ®

Fig. 4. MS comple (a) shawvn afterthreesuccessie cancellationgb), (c), and(d). The con-
gurationsin (e) and(f) have thesameconnectiity but adifferentcritical pointcon guration.

Thestraightforvardsolutionto encodinghe CPCis tolink it directlyto eachcan-
cellation.If acancellationmremovedthecritical point pair u; v thenthe corresponding
anti-cancellatiorwould introduceu; v. However, this imposegestrictionson the or-
derof cancellationandanti-cancellationgrigure5 shavs the exampleof Figure4
enhancedy labelingsomecritical pointswith functionvalues.In this situationthe
con guration after reversingC1 mustbe the oneshown in Figure5(c) and4(f), re-
spectvely. The saddles2 cannotbe connectedo m0 sincethe resultingpathcould
not be descendindgrom saddleto minimum.However, C1 removed sO; m1 andlink-
ing the CPCdirectly to eachcancellationvould createaninvalid MS complex. The
algorithmproposedn [4] avoidsthesecomplicationgy imposingadditionalrestric-
tionsontheorderof operationsseeSection4.

We proposea differentstrateyy thatallows usto storeconnectvity andCPCin-
dependenthpf eachotherusinga simpledatastructure Thecoreideais to view the
cancellatiorshavn in Figure3 not asremoving u andv but asmeging thetriple u,
v, andw into w. After a sequenc®f cancellationsve think of every extremumas
therepresentativef itself plusall extremamergedwith it. Maximaonly memgewith
maximaandminimaonly with minima. We keeptrack of thesememgesby creating
a graphfor every extremum.Initially, eachextremumis representedby itself asa
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Fig. 5. MS comple of Figure5 with functionvalues.(a) Original comple. (b) Invalid critical
point con guration (the path marked in red cannotbe descending.)c) Valid critical point
con gurationrequiresanti-cancellatiol€1 1 to createm? ratherthanm.

graphwith a single node.During eachcancellationan edgeis addedbetweenthe
correspondingraphsmerging theminto one.Sinceno extremumcanmeimgewith it-
selfthesegraphsaretrees calledextrematrees Figure6 shavs severalcancellations
andthe resultingextrematrees.Figure 13(a) shavs the extrematreesof a typical
terraindataset.

Fig. 6. Exampleof extrematreesof maximaresultingfrom multiple cancellations(Top) MS
complex with somecancellationsndicatedin red. (Bottom) Correspondingxtrematreesof
all maxima.

Eventhoughthe datastructureusedfor extrematreesis simple, it is alsovery
powerful dueto two key propertiesFirst, recallthatduringa cancellatioralwaysthe
higher/lover maximum/minimunprevailsin theMS comple. Thisfactimpliesthat
therepresentatie of a treeof maxima/minimais alwaysthe highest/lavestnodeof
thetree.Secondarcsof anextrematreecorrespondo saddlesand/orcancellations.
In fact, given someextrematrees,it is possibleto derive a (nearly) completeMS
complex basedonly on a setof saddlesAssumeoneis given a highly simpli ed
MS complex anda setof extrematrees;furthermore assumea (local) re nementof
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re ned comple. First,oneremovesall arcscorrespondindgo a saddlein Sfrom the
extrematrees.Subsequentlyone canreconstructhe MS complex in the following
mannerEachsaddles wasinitially connectedo two maximaMgp; M1 andtwo min-
imamy; m. All of theseaxtremaarepartof atree,andthe saddleis connectedo the
four representatiesof thesetrees.Thisde nestheadaptive MS comple< to thelevel
of the embeddingof the paths.The saddlesaregiven, the remainingcritical points
aretherepresentatiesof the extrematrees,andthe pathsembeddinganbederived
from concatenatingriginal paths.
Neverthelesstheconnectvity betweerMorse
cellsis not uniquelyde ned by the construction
describedabove. Thisis dueto thefactthatin an
MS comple pathsare not uniquelyde ned by
theirendpoints,seeFigure?. As aresult,Morse
cellsarenotidenti ed by their cornersandthe
connectvity muststill be storedexplicitly. Sec- Fig. 7. Strangulation where two
tion 4 describediow the connectvity aswell as  Morsecells have the samecorners.
the con guration of saddlescanbe storedhier-
archically Theextrematreesareusedto completethe CPC.
Maintainingextrematreesis a constant-timeperationduringa cancellatiorand
involvesa linear searchduring an anti-cancellationln general an extrematreecan
be split anywhereat ary time. This prohibitsthe useof standardacceleratiorstruc-
turessuchasaunion- nd approachWhile moresophisticatedtructuresarepossible
ourexperimentsuggesthatextrematreeshave anoveralllow branchingactor This
diminishesary advantageof more complicatedstructuresandwould make the im-
plementatiormoredif cult.

4 Hierar chy

Usingextrematreesto maintainthe CPCallows usto createa meshhierarchygeared
completelytowardsconnectvity. The mainobjective is to constructa hierarchythat
supportsas mary differentcon gurationsas possible.Similarly to traditional hier

archiesfor polygonalmeshes(anti-)cancellationgarestoredin a dependenggraph
representing partialorderamongoperationsAll con gurationsthatcanbe created
by observinghe partialordershouldresultin avalid MS complex.

4.1 Hierar chy Construction

Following theapproachdiscussedh [4], we split eachMorsecell into two Morsetri-
anglesby introducingthediagonakonnectingheminimumto themaximuminto the
comple. As aresult theneighborhoo@roundasaddleghenconsistof four triangles
thatform the diamondaroundthe saddleasindicatedin grey in Figure8(a). Each
cancellatiorremovesone diamondfrom the MS complex. We createa hierarchyin
a bottom-upfashionby successiely cancelingeritical points. Two cancellationsre
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Fig. 8. MS comple correspondingo Figure3 (a) beforeand(b) aftercancellatiorof pairu; v.
Diagonalsindicatingdiamondsareshavn asdottedlines.

calledindependenif it is irrelevantin whatorderthey areperformedanddependent
otherwise.The extendeddependencygraph containsa nodefor every cancellation
andanarcbetweerdependentancellationsThe dependencygraphis derivedfrom
the extendedone using path compressionThe height of the dependeng graphis
de ned asthe maximaldistancefrom aroot to a leaf. In practice,oneis interested
in constructinga shallov graphwith few edgessincethisimpliesthe possibility of a
large numberof differentcon gurations.

Clearly, the de nition of dependencie®etweencancellationsdeterminesthe
shapeof thedependenggraph.In [4], theregionof interferenceof thecancellatiorin
Figure8is de ned asall Morsecellsincidentto eitheru, v, or w. Two cancellations
arede ned asdependenif their regionsof interferencehave a (true) intersection.
This large region of interferenceis necessaryo avoid the problemsdiscussedn
Section3. Giventhelargeregion of interferencestoringthe hierarchyis straightfor
ward. EachcancellatiorreplacesMorsecells aroundthreecritical pointsby Morse
cellsaroundtheremainingone.The boundaryof theregion doesnot changeandthe
dependenciesnsurehata (anti-)cancellations only performedif the MS complex
is locally identicalto the oneencounteredluring construction.This canbe viewed
asa specialcaseof the conceptsdescribedfor generalmulti-resolutionstructures
describedfor example,by de Floriani et al. [11]. An exampleof several cancella-
tions andthe resultingdependeng graphsusingthe old hierarchyis shovn in Fig-
ure 9. Due to the large regions of interferencethe nal dependeng graph (lower
right corner)is aline allowing no adaptationdeyond the onesencounteredluring
construction.

Using extrematreesone canignorethe con guration of minima and maxima,
requiring us to encodeonly the connectity and saddlecon guration. Sinceeach
cancellatiorremovesthe diamondarounda saddleit is naturalto link the saddlein-
formationdirectly to adiamond.Thereforejf we canstorethe diamondinformation
(theconnectvity) hierarchically extrematreesprovide theremaininginformation.

To storethe connectity informationwe usethe conceptsfrom [11] but now
with a signi cantly smallerregion of interference Eachcancellationremovesone
diamondreplacingeighttrianglesarounda vertex by four. An anti-cancellatiorre-
introducesa diamondreplacingfour trianglesby eight, introducingtwo vertices.
Somepossiblecon gurations are shavn in Figure 10. The cancellationof a dia-
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Fig. 9. Hierarchyconstructiorasdescribedn [4]. Cancellationsareindicatedby arravs, the
correspondingegion of interferencas shadedn grey, andregionsof overlapwith previous
cancellationgareshadedn red. The correspondinglependencgraphsareshavn next to the
MS complees.After four cancellationghe dependencgraphis aline.

Fig. 10. Threeexamplesfor encodingheconnectyity duringcancellationsThetriangulation
before(top) andafter(bottom)a cancellatioris shavn. The middlerow shavs how the neigh-
borhoodstructurefor a cancellation An anti-cancellatioris storedasa list of triangle pairs
(-1lindicatinga boundaryedge).
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mond changesa reducedMS complec only for the neighboring(edge-connected)
diamonds.Therefore the region of interferenceof a cancellationis de ned asthe
correspondingliamondplus its edge-connectedeighbors.The smallerregions of
interferencegroducea smallersetof dependenciesn fact,oneseeghatthe number
of ancestorandthe numberof children of eachnodein the dependeng graphis
boundedassumingpathcompression)Onecanlmaginea cancellatiomot remov-
ing a diamondbut rathercollapsingit into a diagonalpair. The next cancellation
involving eitherof thesediagonalswill becomeanancestarresultingin at mosttwo
ancestorsEachcancellatiorhasat mostfour children.Figure11 shovsthe example
of Figure9 usingextrematrees.

Fig. 11. Thetop two rows shav the exampleof Figure 9 using extrematreesto encodethe
hierarchy Theregionsof interferenceareshadedn grey, andthe correspondingxtrematrees
aredravn ontheright sideof each gure. UsingthereducedvS complex all cancellationgre
independentThe bottomrow shaws the complec after the anti-cancellatiorof C1 (left) and
C2 (right). NotethatC1 ! correctlycreatesv 1 ratherthanMO (M1 is higherthanMO0).

We createa hierarchyby remaoving diamondsfrom the highest-resolutioMS
comple in “batches”of independentancellationsHowever, this strategy canre-
sultin cancellation®f high persistencéo be dependenbn cancellationsvith much
lower persistencayhichis undesirabléor mostapplicationsThereforewelimit the
batchesuchthatthe largestpersistencén a batchis not largerthantwice the max-
imal persistencef the previous batch. Without this minor restriction,eachbatch
containsaboutonequarterof theremainingdiamondsn the complex andtherefore
createsa hierarchyof logarithmicheight.
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5 Results

To comparethe new hierarchywith the one proposedn [4] we have appliedboth
strat@iesto a 1201-by-1201single-byteinteger valueterraindatasetof the Grand
Caryon.Figurel6 shavsarenderingia) andtheinitial MS complex (b) of theGrand
Caryon datasetwith 11620critical points.We assessjuality via a y-o vercompar

ing the adaptvity of the cell-basedchierarchywith the one using extrematrees.A

narrov view-frustumis de ned wherethetopologyis re ned to the highestresolu-
tion. Outsidethe given view-frustum only dependentopologyis used.Figures17
and18 shav two framesof the y-o verfor two distinctstagesf the y-o verpath.

700

— original hierarchy
— improved hierarchy

# of critical points

L L L L L L L L |
0 200 400 600 800 1000
# of frames

Fig. 12. Numberof critical pointsusedduringa y-o ver (GrandCaryon dataset.)

Figure12 shovsthe numberof critical pointsin theadaptve MS complec during
the y-o ver for both methodsusedfor hierarchyconstruction.The hierarchyusing
extrematreesis clearly superiorto the original encoding.One explanationfor the
large differencesn quality is the presencef high-valeng extremain the MS com-
plex. Often, datasets(especiallyterrains)are biasedto containsigni cantly more
maximathanminima (or the reverse) which consequentlyesultsin someextrema
of the MS complex with high valengy values.Using the original large region of in-
terferencethe hierarchyarounda high-valeny extremumdegeneratednto a linear
sequence.

The adaptve re nementanddisplay of topologyis usefulfor mary areasFig-
ure 15 shaws the oil pressureof an undegroundoil reseroir. (Qil is extractedby
pressingwaterinto the resenoir at somesitesand pumpingoil at others.As more
wateris forcedinto thereserwir the reserwir becomesncreasinglysaturatedvith
water andat somepoint oil productionceaseso be effective.) The gure shavsan
isosurficeof watersaturationpseudo-coloretby oil pressureThelinearcolor map
usedin Figure 15(c) provideslittle structuralinformation. However, the seven oil
extractionsitesarevisible aslocal minimain thesimpli ed MS comple.
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Figure13(b)shavs arenderingof the Yakimadatasetusing1201 1201single-
byteintegervaluesandFigurel4 shavsthecorrespondingdS complex with 17691
critical pointsandthe samecomplex re ned to presere only featureselov a func-
tion value of 0.14 (with function valuesscaledto [0; 1]) using8063critical points.
The densityof the MS complex shavs how the region aroundthe caryonsremains
highly re ned.

6 Conclusionsand Future Reseach

We have improved our original resultsdiscussedn [3] signi cantly in several dif-
ferentways, moving towardsthe practicalapplicationof topologyfor datavisual-
ization andanalysis.Using extrematrees,the hierarchyis smaller more adaptable,
and supportsthe useof larger, more complicatedMS complexes.Further extrema
treesare easyto implementand maintainduring re nement. One disadantageof
the new techniqueis thatthe hierarchyis so e xible thatit becomesmpossibleto
precomputegfunction valuescorrespondingo all possibletopologicalre nements.
Thereforepnly theadaptedopology notthecorrespondingdaptedunction,canbe
displayedinteractively. We planto develop new techniquesomputinghigh-quality
topologicalapproximatioron-the- y.

Acknowledgments

Thiswork wasperformedundertheauspice®f theU. S. Departmenbf Enegy by University
of California LawrenceLivermoreNationalLaboratoryundercontractNo. W-7405-Eng-48.
B. Hamannis supportedby National ScienceFoundationundercontractACl 9624034(CA-
REERAward), throughthe Large Scienti ¢ and Software Data SetVisualization(LSSDSV)
programundercontractACIl 9982251 throughthe NationalPartnershigor AdvancedCompu-
tationallnfrastructurg(NPACI), andthroughalarge Information TechnologyResearclfI TR)
grant.We thankthe membersof Data Sciencethrustfrom the Centerfor Applied Scienti ¢
Computing(CASC) at LawrenceLivermoreNational Laboratory andthe Visualizationand
ComputerGraphicsResearcltGroupat the University of California, Davis.

References

1. C.L. Bajaj,V. PascucciandD. R. Schilore.Visualizatiorof scalartopologyfor structural
enhancementn D. Ebert,H. HagenandH. Rushmeiereditors,Proc. I[EEE Misualization
'98, pagess1-58,Los Alamitos California, 1998.IEEE, IEEE ComputerSocietyPress.

2. T.F. Banchof. Critical pointsandcunaturefor embeddegolyhedralsurfaces American
MathematicaMonthly, 77(5):457-485May 1970.

3. P-T. Bremer H. EdelsbrunnerB. Hamann,and V. Pascucci. A multi-resolutiondata
structurefor two-dimensionaMorse-Smalégunctions. In G. Turk, J. J. van Wijk, and
R. Moorhead editors,Proc. IEEE Misualization'03, pagesl39—-146 L os Alamitos Cali-
fornia, 2003.1EEE, IEEE ComputerSocietyPress.

4. P-T. Bremer H. EdelsbrunneB. HamannandV. Pascucci.A topologicalhierarchyfor
functionsontriangulatedsurfaces|EEE Trans.on Visualizationand ComputeiGraphics
10(4):385-3962004.



14

5.

10.

11.

12.

13.

14.

15.
16.

17.

18.

19.
20.

21.

22.

23.

24.

P-T. Bremer V. PascucciandB. Hamann

H. Carr, J. Snogink, andU. Axen. Computingcontourtreesin all dimensions. Comput.
Geom.TheoryAppl, 24(3):75-942003.

. A. Cayley. Oncontourandslopelines. TheLondon,Edinburgh and Dublin Philosophical

MagazineandJournal of ScienceXVII1:264-268,1859.

. W. de LeeuwandR. van Liere. Collapsing o w topologyusingareametrics. In Proc.

IEEE Msualization'99, pages349-354EEE ComputerSocietyPress;1999.

. H. Edelsbrunnerd. Harer V. Natarajan,and V. Pascucci. Morse-Smalecomplexes for

piecavise linear 3-manifolds. In Proc. 19th SymposComput.Geom, pages361-370,
2003.

. H. Edelsbrunner]. Harer andA. Zomorodian.HierarchicalMorse-Smaleomplexesfor

pieceviselinear 2-manifolds.Discrete Comput.Geom, 30:87—-1072003.

H. EdelsbrunneD. LetscherandA. Zomorodian.Topologicalpersistencandsimpli -
cation. DiscreteComput.Geom, 28:511-5332002.

L. DeFloriani,E. PuppoandP. Magillo. A formalapproacho multiresolutionmodeling.
In W. Stral3erR. Klein, andR. Rau,editors,Theoryand Practiceof GeometriaMlodeling
SpringerVerlag,1996.

J.L. HelmanandL. Hesselink. Visualizingvector eld topologyin uid ows. IEEE
ComputerGraphicsand Applications 11(3):36—46May/Jun.1991.

M. Hilaga, Y. Shinagava, T. Kohmura,and T. L. Kunii. Topology matchingfor fully
automaticsimilarity estimationof 3d shapes.In E. Fiume,editor, Proceedingof ACM
SIGGRRH 2001, pages203-212New York, NY, USA, 2001.ACM.

J. C. Maxwell. On hills anddales. The London,Edinturgh and Dublin Philosophical
Magazineand Journal of ScienceXL:421-427,1870.

J.Milnor. MorseTheory PrincetonUniversity PressNew Jersg, 1963.

M. Morse. Relationsbetweenthe critical points of a real functionsof n independent
variables.Transaction®f the AmericanMathematicalSociety 27:345-396,July 1925.
S.P. Morse. A mathematicamodelof the analysison contourline data. Journal of the
Associatiorfor ComputingMachinery, 15(2):205—-220Apr. 1968.

V. PascuccandK. Cole-McLaughlin.Ef cient computatiorof thetopologyof level sets.
In M. GrossK. I. Joy, andR. J. Moorhead editors,Proc. IEEE Msualization'02, pages
187-194] os Alamitos California,2002.IEEE, IEEE ComputerSocietyPress.

J. Pfaltz. Surfacenetworks. Geayraphical Analysis 8:77-93,1976.

J.Pfaltz. A graphgrammarthat describeghe setof two-dimensionakurfacenetworks.
Graph-Gammas and Their Application to ComputerScienceand Biology (Lectue
Notesin ComputerScienceno.73,1979.

B. T. StandemlandJ. C. Hart. Guaranteeinthetopologyof implicit surfacepolygonization
for interactive modeling.In Proc. of ACM SIGGRRH 1997 volume31, pages279-286,
New York, NY, USA, Aug. 1997.ACM, ACM Presd ACM SIGGRAPH.

X. Tricoche,G. ScheuermanmndH. Hagen. A topology simpli cation methodfor 2d
vector elds. In Proc. IEEE Visualization'00, pages359-366,Los Alamitos California,
2000.IEEE, IEEE ComputerSocietyPress.

X. Tricoche,G. Scheuermanrand H. Hagen. Continuoustopology simpli cation of
planarvector elds. In Proc. IEEE Msualization'01, pages159-166,Piscatavay, NJ,
Oct.2001.IEEE, IEEE ComputerSocietyPress.

M. J.van Kreveld, R. van Oostrum,C. L. Bajaj, V. Pascucci,andD. Schikore. Con-
tour treesand small seedsetsfor isosurficetraversal. In Symposiunon Computational
Geometrypage212-220,1997.



Maximizing Adaptiity in HierarchicalTopologicalModelsUsing ExtremaTrees 15

Fig. 13. (Left) Typical extrematreesof a terrain.Maximaareshavn in red, minimain blue,
andarcsin greenNotetheoveralllow branchingfactor (Right) Renderingof original Yakima
dataset.

Fig. 14. (Left) Original MS comple of the Yakimadataset (17691 critical points); (right)
adaptvely re ned MS comple, whereonly featuresbelav function value of 0.14 are pre-
sened (8063critical points).

Fig. 15. Pseudo-coloretenderingandsimpli ed MS comple of oil-pressuredataset.
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Fig. 16. Renderingof GrandCaryon dataset; (b) original MS complec of (a) using 11620
critical points(minimashawn in blue, maximain red,andsaddlesn green.)
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Fig. 17. Global view of a y-o ver of GrandCaryon dataset. Insidethe local view frustum
(yellow) the nest resolutiontopologyis shavn on the outsideonly dependentopologyis
used.(Top) The resultsof the original hierarchy;(bottom) re nement using the improved
hierarchyintroducedn this paper
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Fig. 18. Anotherframeof the y-o ver of the GrandCaryon dataset.(Top) Usingthe original
hierarchy;(bottom)usingextrematrees.



