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Summary. We presenta highly adaptive hierarchicalrepresentationof thetopologyof func-
tionsde�ned over two-manifolddomains.Guidedby the theoryof Morse-Smalecomplexes,
weencodedependenciesbetweencancellationsof critical pointsusingtwo independentstruc-
tures:a traditionalmeshhierarchyto storeconnectivity informationandanew structurecalled
extrematreeto encodethecon�guration of critical points.Extrematreesprovide a powerful
methodto increaseadaptivity while using a simple,easy-to-implementdatastructure.The
resultinghierarchyis signi�cantly more�e xible thantheonepreviously reported[4]. In par-
ticular, theresultinghierarchyis guaranteedto beof logarithmicheight.

1 Intr oduction

Topology-basedmethodsusedfor visualizationandanalysisof scienti�c dataare
becomingincreasinglypopular. Theirmainadvantageliesin thecapabilityto provide
a concisedescriptionof theoverall structureof a scienti�c dataset.Subtlefeatures
can easily be missedwhen using “traditional” visualizationmethodslike volume
renderingor iso-contouring,unless“correct” transferfunctionsand isovaluesare
chosen.On theotherhand,thepresenceof a largenumberof small featurescreates
a “noisy visualization,” in which larger featurescanbe overlooked.By visualizing
topologydirectly, onecanguaranteethatno featureis missed.Furthermore,onecan
usesoundmathematicalprinciplesto simplify a topologicalstructure.Thetopology
of functionsis alsooftenusedfor featuredetectionandsegmentation(e.g.,in surface
segmentationbasedoncurvature).

However, for topology-baseddataanalysisoneneeds�e xible, hierarchicalmod-
elsableto adaptively removenoiseor featuresnot relevantfor a particularsegmen-
tation.In practice,thesimpli�cation/re�nementshouldbefast(possiblyinteractive)
and highly adaptive in order to be useful in a large variety of situations.Requir-
ing interactivity inadvertentlyleadsto theuseof hierarchicalencodingsratherthan
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simpli�cation schemes.Hierarchicalmodelsoften reducetheadaptivity of a repre-
sentationto gaintheability to preformincrementalchangesfor varyingqueries.

We addresstheneedfor adaptive topology-baseddataexplorationby improving
signi�cantly the topologicalhierarchyproposedin [4]. Creatingtwo largely inde-
pendenthierarchies,we show how onecanremovemany of thedependenciesin the
original hierarchy, makingthestructuresimpler, morecompact,andmoreadaptive
thantheoriginalone.

1.1 RelatedWork

The topologicalstructureof a scalar�eld canbe describedpartially by its contour
tree [17, 5, 18], which describesthe relationsbetweenthe connectedcomponents
of its level sets.This structureprovidesa userwith a compactrepresentationof the
topology[1] andcanbeusedto acceleratethecomputationof isosurfaces[24]. How-
ever, the contourtreeprovideslittle informationaboutthe embeddingof the level
setsandthereforeremainssomewhat abstract.Morsetheory[16, 15], on the other
hand,providesmethodsto analyzethecompletetopologyof a functionovera man-
ifold aswell asits embedding.Early approachesfor thebivariatecaseareprovided
in [6, 14, 19]. More recently, the Morse-Smalecomplex wasintroducedby Edels-
brunneret al. [9, 8] asa descriptionof thetopologyof scalar-valuedfunctionsover
two- andthree-dimensionalmanifolds.Applicationsof this theoryvaryfrom implicit
geometrymodeling[21] to shapedescription[13]. Relatedconceptsarealsousedin
�o w visualization.HelmanandHesselink[12] showedhow to �nd andclassifycriti-
calpointsin �o w �elds andproposeastructuresimilar to theMorse-Smalecomplex
for vector�elds. Later, methodsto analyzeandsimplify thiscomplex wereproposed
by deLeeuwandvanLiere [7] andTricocheet al. [22, 23].

The �rst multi-resolutionencodingof a Morse-Smalecomplex we areawareof
wasproposedbyPfaltz[20], whichhasbeenimprovedandextendedbyEdelsbrunner
etal. [9] andBremeretal. [3, 4]. Morerecenthierarchicalstructuresarebasedonthe
conceptof persistence[10], which relatesthedifferencein functionvalueof critical
pointpairsto theimportanceof atopologicalfeature.GivenaMorse-Smalecomplex,
we

1. provideanimprovedhierarchicalencodingof theMorse-Smalecomplex;
2. provethattheresultinghierarchyis of logarithmicheight;and
3. demonstrateourmethodsfor variousdatasets.

We �rst review necessaryconceptsfrom Morsetheoryandtheconstructionof a
Morse-Smalecomplex (Section2). In Section3, we describeextrematreesandthe
resultinghierarchyin Section4. Weconcludewith resultsandpossibilitiesfor future
research(Section5).
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2 Morse-SmaleComplex

We baseour algorithmson intuitions derived from the studyof smoothfunctions.
We review key aspectsfrom Morsetheory[16, 15] for smoothfunctionsanddiscuss
how thesecanbeusedin thepiecewiselinearcase.

2.1 Morse Theory

Givena smoothfunction f : M ! R, a point a 2 M is calledcritical whenits gra-
dient 5 f (a) = (d f =dx;d f =dy) vanishes;it is called regular otherwise.For two-
manifolds,(non-degenerate)critical points are maxima( f decreasesin all direc-
tions), minima ( f increasesin all directions),or saddles( f switchesbetweende-
creasingandincreasingfour timesaroundthepoint).Usinga localcoordinateframe
at a, we computetheHessianH of f , which is thematrix of secondpartialderiva-
tives.If H is non-singularwecanconstructa localcoordinatesystemsuchthat f has
the form f (x1;x2) = f (a) � x2

1 � x2
2 in a neighborhoodof a. The numberof minus

signsis theindex of a anddistinguishesthedifferenttypesof critical points:minima
have index 0, saddleshave index 1, andmaximahave index 2.

At any regularpoint, thegradient(vector)is non-zero,andwhenwe follow the
gradientwe traceout an integral line, which startsat a critical point andendsat a
critical point, while technicallynot containingeitherof them.Since f is smooth,
two integral linesareeitherdisjointor thesame.ThedescendingmanifoldD(a) of a
critical point a is thesetof pointsthat �o w towarda. More formally, it is theunion
of a andall integral linesthatendat a. Thecollectionof descendingmanifoldsis a
complex in thesensethat theboundaryof a cell is theunion of lower-dimensional
cells. Symmetrically, we de�ne the ascendingmanifold A(a) of a as the union of
a and all integral lines that start at a. When neglecting certaindegeneratecases,
see[9], we canoverlay thesetwo complexesandobtain what we call the Morse-
Smalecomplex, orMScomplex,of f . Its verticesaretheverticesof thetwo overlayed
complexes,whicharetheminima,maxima,andsaddlesof f . Its cellsarefour-sided
regionsboundedby partsof integral linesbetweensaddlesandextrema.An example
is shown in Figure1.

minimum

maximum

saddle

Fig. 1. Morse-Smalecomplex.
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Using the insightgainedfrom smoothMorsetheorywhenappliedto piecewise
linear functions,we follow the conceptsdescribedin [3]. We identify andclassify
critical pointsbasedon their local neighborhood,see[2, 9]. If all verticesthat are
edge-connectedto a point u have functionvaluesbelow thatof u, we call it a max-
imum; if all areabove u, thenwe call it a minimum etc.,seeFigure2. In general,
therecanexist saddleswith highmultiplicity thatwesplit into simpleones,asshown
on thefar right in Figure2.

minimum saddle maximumregular point

v v v v v v

splitting of two-fold saddle

Fig. 2. Classi�cationof a vertex v basedon relative heightof its edge-connectedneighbors,
wherelight vertices/edgesmarkhigherneighborsandsolidvertices/edgeslower neighbors.

2.2 Persistence

As anumericalmeasureof theimportanceof critical pointswede�ne pairsof critical
pointsandusetheabsolutedifferencebetweentheir height/functionvalues.Theun-
derlyingintuition is thefollowing: We imaginesweepingthetwo-manifoldM in the
directionof increasingheight(w.r.t. thescalar�eld value.)Thetopologyof thepart
of M below thesweepline changeswheneverweaddacritical vertex, andit remains
unchangedwhenever we adda regular vertex. Exceptfor somespecialcases,each
changeeithercreatesacomponentor it destroysacomponent.Wepairavertex v that
createsa componentwith thevertex u thatdestroys thecomponent.Thepersistence
of u andof v is the“delay” betweenthetwo events:p = f (v) � f (u), see[10].

2.3 Construction

In practice,weconstructtheMS complex by successively computingits edges,start-
ing from the saddles,see[3]. Startingfrom eachsaddle,we computetwo lines of
steepestascentandtwo linesof steepestdescentconnectingthesaddleto two max-
ima andtwo minima.We call theselinesascendingor descendingpaths. Two paths
in thesamedirection(ascendingor descending)canmerge;two pathswith different
directionmustremainseparate.Oncetwo pathshave beenmergedthey never split.
Following theserules,we areguaranteedto producea non-degenerateMS complex.
A moredetailedanalysiscanbefoundin [3]. Having computedall paths,wepartition
thesurfaceinto four-sidedregionsformingthecellsof theMS complex. Speci�cally,
we grow eachquadranglefrom a triangleincidentto a saddlewithout ever crossing
a path.
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2.4 Simpli�cation

To simplify anMS complex locally weuseacancellationthateliminatestwo critical
points.The inverseoperationto re�ne the complex is calledan anti-cancellation.
Only two critical pointsadjacentin an MS complex canbe canceled.The possible
con�gurationsareaminimumandasaddleor asaddleandamaximum.Sincethetwo
casesaresymmetricwe limit our discussionto thesecondcase,which is illustrated
in Figure3.

(a) (b)

Fig. 3. Graphof a functionbefore(a) andafter(b) cancellationof pair u;v.

Let v bethesaddleandu themaximumof thecanceledpair, andlet w betheother
maximumconnectedto v. We requirethat u 6= w and f (w) > f (v); otherwise,we
prohibit thecancellationof u andv. In particular, a cancellationor anti-cancellation
mustalwaysmaintaina valid MS complex. An MS complex is calledvalid, if all
cells have four (not necessarilydistinct) cornersandevery pathbetweena saddle
and maximum/minimumis ascending/descending.Alternatively, an adaptively re-
�ned MS complex is valid if it canbecreatedfrom thehighestresolutiononeusing
a sequenceof cancellations.

3 ExtremaTrees

The informationan MS complex providescanbe separatedinto the critical points
and their connectivity. The critical points information includesposition,type, and
function valueandwe refer to this ascritical point con�guration (CPC). The con-
nectivity encodeswhichpaths(edges)de�ne aMorsecell andtheneighboringinfor-
mationbetweencells.As with mostmeshencodingschemestheCPCprovidesmost
(but notall) informationabouttheMS complex. Especiallyduringsimpli�cation, the
connectivity of theMS complex canoftenbeinferedfrom theCPC.For example,in
Figure3 after u andv have beenremovedall saddlesthat wereconnectedto u are
now connectedto w.

Whenencodinga cancellationthe separationbetweenCPCandconnectivity is
veryintuitive.Thetoprow of Figure4 showsthreeconsecutivecancellationsC1,C2,
andC3 of minima.To reverseany of thesecancellationsone�rst needsto know how
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theconnectivity of theMS complex changes.For example,in Figure4(d) m4 must
be createdon the left of m3 (not on its right.) This informationis providedby the
neighborhoodrelationsbetweenMorsecells,seeSection4. However, knowing the
appropriateconnectivity is still leaving ambiguity. ReversingC1 seemsto resultin
thestructureof Figure4(e).Nevertheless,theMS complex drawn in (f) hasthesame
connectivity but a differentCPC.

C2

C3

C1

m0

m3
m4

s1

s2
s3

s4

m0

m3
m4

s2
s3

s4

m0

m2
m3

m4

s1

s2
s3

s4

s0 m1

m2

(a) (b) (c)

C1
-1 C1

-1

C3

m0

m3 s2
s3

m0

m3 s2
s3

s0

m2

m0

m3 s2
s3

s0 m1

(d) (e) (f)

Fig. 4. MS complex (a) shown after threesuccessive cancellations(b), (c), and(d). Thecon-
�gurations in (e)and(f) havethesameconnectivity but adifferentcritical pointcon�guration.

ThestraightforwardsolutiontoencodingtheCPCis to link it directlyto eachcan-
cellation.If acancellationremovedthecritical pointpairu;v thenthecorresponding
anti-cancellationwould introduceu;v. However, this imposesrestrictionson theor-
derof cancellationsandanti-cancellations.Figure5 shows theexampleof Figure4
enhancedby labelingsomecritical pointswith functionvalues.In this situationthe
con�guration after reversingC1 mustbe theoneshown in Figure5(c) and4(f), re-
spectively. The saddles2 cannotbe connectedto m0 sincethe resultingpathcould
not bedescendingfrom saddleto minimum.However, C1 removeds0;m1 andlink-
ing theCPCdirectly to eachcancellationwould createaninvalid MS complex. The
algorithmproposedin [4] avoidsthesecomplicationsby imposingadditionalrestric-
tionson theorderof operations,seeSection4.

We proposea differentstrategy thatallows usto storeconnectivity andCPCin-
dependentlyof eachotherusinga simpledatastructure.Thecoreideais to view the
cancellationshown in Figure3 not asremoving u andv but asmerging thetriple u,
v, andw into w. After a sequenceof cancellationswe think of every extremumas
therepresentativeof itself plusall extremamergedwith it. Maximaonly mergewith
maximaandminimaonly with minima.We keeptrackof thesemergesby creating
a graphfor every extremum.Initially, eachextremumis representedby itself asa
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Fig. 5. MS complex of Figure5 with functionvalues.(a)Originalcomplex. (b) Invalid critical
point con�guration (the path marked in red cannotbe descending.)(c) Valid critical point
con�gurationrequiresanti-cancellationC1� 1 to createm2 ratherthanm1.

graphwith a singlenode.During eachcancellationan edgeis addedbetweenthe
correspondinggraphsmergingtheminto one.Sincenoextremumcanmergewith it-
self thesegraphsaretrees,calledextrematrees. Figure6 showsseveralcancellations
and the resultingextrematrees.Figure13(a)shows the extrematreesof a typical
terraindataset.

M
M

M

M

M

M

M

M
M

M

M

M

M

M

M
M

M

M

M

M

M

Fig. 6. Exampleof extrematreesof maximaresultingfrom multiple cancellations.(Top) MS
complex with somecancellationsindicatedin red.(Bottom)Correspondingextrematreesof
all maxima.

Even thoughthe datastructureusedfor extrematreesis simple,it is alsovery
powerful dueto two key properties.First,recallthatduringacancellationalwaysthe
higher/lowermaximum/minimumprevails in theMS complex. This factimpliesthat
therepresentative of a treeof maxima/minimais alwaysthehighest/lowestnodeof
thetree.Second,arcsof anextrematreecorrespondto saddlesand/orcancellations.
In fact, given someextrematrees,it is possibleto derive a (nearly)completeMS
complex basedonly on a setof saddles.Assumeone is given a highly simpli�ed
MS complex anda setof extrematrees;furthermore,assumea (local) re�nementof
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theMS complex is givenby a setof saddlesS= f s0; : : : ;sng thatmustappearin the
re�ned complex. First,oneremovesall arcscorrespondingto a saddlein Sfrom the
extrematrees.Subsequently, onecanreconstructtheMS complex in the following
manner:Eachsaddlesi wasinitially connectedto two maximaM0;M1 andtwo min-
imam0;m1. All of theseextremaarepartof a tree,andthesaddleis connectedto the
four representativesof thesetrees.Thisde�nestheadaptiveMS complex to thelevel
of theembeddingof thepaths.The saddlesaregiven,the remainingcritical points
aretherepresentativesof theextrematrees,andthepathsembeddingcanbederived
from concatenatingoriginalpaths.

Fig. 7. Strangulation where two
Morsecellshave thesamecorners.

Nevertheless,theconnectivity betweenMorse
cellsis notuniquelyde�ned by theconstruction
describedabove.Thisis dueto thefactthatin an
MS complex pathsarenot uniquelyde�ned by
theirendpoints,seeFigure7. As aresult,Morse
cells arenot identi�ed by their cornersandthe
connectivity muststill bestoredexplicitly. Sec-
tion 4 describeshow theconnectivity aswell as
thecon�guration of saddlescanbe storedhier-
archically. Theextrematreesareusedto completetheCPC.

Maintainingextrematreesis aconstant-timeoperationduringacancellationand
involvesa linearsearchduringananti-cancellation.In general,anextrematreecan
besplit anywhereat any time.This prohibitstheuseof standardaccelerationstruc-
turessuchasaunion-�nd approach.While moresophisticatedstructuresarepossible
ourexperimentssuggestthatextrematreeshaveanoveralllow branchingfactor. This
diminishesany advantageof morecomplicatedstructuresandwould make the im-
plementationmoredif�cult.

4 Hierar chy

Usingextrematreesto maintaintheCPCallowsusto createameshhierarchygeared
completelytowardsconnectivity. Themainobjective is to constructa hierarchythat
supportsasmany differentcon�gurationsaspossible.Similarly to traditionalhier-
archiesfor polygonalmeshes,(anti-)cancellationsarestoredin a dependency graph
representingapartialorderamongoperations.All con�gurationsthatcanbecreated
by observingthepartialordershouldresultin avalid MS complex.

4.1 Hierar chy Construction

Following theapproachdiscussedin [4], wesplit eachMorsecell into two Morsetri-
anglesby introducingthediagonalconnectingtheminimumto themaximuminto the
complex.As aresult,theneighborhoodaroundasaddlethenconsistsof four triangles
that form the diamondaroundthe saddle,asindicatedin grey in Figure8(a).Each
cancellationremovesonediamondfrom theMS complex. We createa hierarchyin
a bottom-upfashionby successively cancelingcritical points.Two cancellationsare
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wvu w

(a) (b)

Fig. 8. MS complex correspondingto Figure3 (a)beforeand(b) aftercancellationof pairu;v.
Diagonalsindicatingdiamondsareshown asdottedlines.

calledindependentif it is irrelevantin whatorderthey areperformedanddependent
otherwise.The extendeddependencygraph containsa nodefor every cancellation
andanarcbetweendependentcancellations.Thedependencygraphis derivedfrom
the extendedoneusingpathcompression.The heightof the dependency graphis
de�ned asthemaximaldistancefrom a root to a leaf. In practice,oneis interested
in constructingashallow graphwith few edgessincethis impliesthepossibilityof a
largenumberof differentcon�gurations.

Clearly, the de�nition of dependenciesbetweencancellationsdeterminesthe
shapeof thedependency graph.In [4], theregionof interferenceof thecancellationin
Figure8 is de�ned asall Morsecells incidentto eitheru, v, or w. Two cancellations
arede�ned asdependentif their regionsof interferencehave a (true) intersection.
This large region of interferenceis necessaryto avoid the problemsdiscussedin
Section3. Giventhelargeregionof interference,storingthehierarchyis straightfor-
ward.EachcancellationreplacesMorsecellsaroundthreecritical pointsby Morse
cellsaroundtheremainingone.Theboundaryof theregiondoesnot changeandthe
dependenciesensurethata (anti-)cancellationis only performedif theMS complex
is locally identicalto theoneencounteredduringconstruction.This canbe viewed
asa specialcaseof the conceptsdescribedfor generalmulti-resolutionstructures
described,for example,by de Floriani et al. [11]. An exampleof several cancella-
tionsandtheresultingdependency graphsusingtheold hierarchyis shown in Fig-
ure 9. Due to the large regionsof interferencethe �nal dependency graph(lower
right corner)is a line allowing no adaptationsbeyond theonesencounteredduring
construction.

Using extrematreesonecan ignore the con�guration of minima andmaxima,
requiringus to encodeonly the connectivity andsaddlecon�guration. Sinceeach
cancellationremovesthediamondarounda saddleit is naturalto link thesaddlein-
formationdirectly to adiamond.Therefore,if wecanstorethediamondinformation
(theconnectivity) hierarchically, extrematreesprovidetheremaininginformation.

To storethe connectivity information we usethe conceptsfrom [11] but now
with a signi�cantly smallerregion of interference.Eachcancellationremovesone
diamondreplacingeight trianglesarounda vertex by four. An anti-cancellationre-
introducesa diamondreplacingfour trianglesby eight, introducingtwo vertices.
Somepossiblecon�gurationsare shown in Figure 10. The cancellationof a dia-
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C3

C2

C4
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C4
C3

C2 C2

Fig. 9. Hierarchyconstructionasdescribedin [4]. Cancellationsareindicatedby arrows, the
correspondingregion of interferenceis shadedin grey, andregionsof overlapwith previous
cancellationsareshadedin red.Thecorrespondingdependency graphsareshown next to the
MS complexes.After four cancellationsthedependency graphis a line.
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Fig. 10.Threeexamplesfor encodingtheconnectivity duringcancellations.Thetriangulation
before(top)andafter(bottom)acancellationis shown. Themiddlerow showshow theneigh-
borhoodstructurefor a cancellation.An anti-cancellationis storedasa list of trianglepairs
(-1 indicatinga boundaryedge).
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mond changesa reducedMS complex only for the neighboring(edge-connected)
diamonds.Therefore,the region of interferenceof a cancellationis de�ned as the
correspondingdiamondplus its edge-connectedneighbors.The smallerregionsof
interferenceproducea smallersetof dependencies.In fact,oneseesthatthenumber
of ancestorsand the numberof childrenof eachnodein the dependency graphis
bounded(assumingpathcompression).OnecanImaginea cancellationnot remov-
ing a diamondbut rathercollapsingit into a diagonalpair. The next cancellation
involving eitherof thesediagonalswill becomeanancestor, resultingin at mosttwo
ancestors.Eachcancellationhasat mostfour children.Figure11showstheexample
of Figure9 usingextrematrees.
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Fig. 11. The top two rows show the exampleof Figure9 usingextrematreesto encodethe
hierarchy. Theregionsof interferenceareshadedin grey, andthecorrespondingextrematrees
aredrawn ontheright sideof each�gure. UsingthereducedMS complex all cancellationsare
independent.Thebottomrow shows thecomplex after the anti-cancellationof C1 (left) and
C2 (right). NotethatC1� 1 correctlycreatesM1 ratherthanM0 (M1 is higherthanM0).

We createa hierarchyby removing diamondsfrom the highest-resolutionMS
complex in “batches”of independentcancellations.However, this strategy canre-
sult in cancellationsof highpersistenceto bedependentoncancellationswith much
lowerpersistence,whichis undesirablefor mostapplications.Therefore,welimit the
batchessuchthat thelargestpersistencein a batchis not largerthantwice themax-
imal persistenceof the previous batch.Without this minor restriction,eachbatch
containsaboutonequarterof theremainingdiamondsin thecomplex andtherefore
createsa hierarchyof logarithmicheight.
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5 Results

To comparethe new hierarchywith the oneproposedin [4] we have appliedboth
strategiesto a 1201-by-1201single-byteintegervalueterraindatasetof theGrand
Canyon.Figure16showsarendering(a)andtheinitial MS complex (b) of theGrand
Canyondatasetwith 11620critical points.We assessquality via a �y-o vercompar-
ing the adaptivity of the cell-basedhierarchywith the oneusingextrematrees.A
narrow view-frustumis de�ned wherethetopologyis re�ned to thehighestresolu-
tion. Outsidethe given view-frustumonly dependenttopologyis used.Figures17
and18show two framesof the�y-o ver for two distinctstagesof the�y-o verpath.
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Fig. 12.Numberof critical pointsusedduringa �y-o ver (GrandCanyon dataset.)

Figure12showsthenumberof critical pointsin theadaptiveMS complex during
the �y-o ver for bothmethodsusedfor hierarchyconstruction.The hierarchyusing
extrematreesis clearly superiorto the original encoding.Oneexplanationfor the
largedifferencesin quality is thepresenceof high-valency extremain theMS com-
plex. Often, datasets(especiallyterrains)arebiasedto containsigni�cantly more
maximathanminima(or the reverse),which consequentlyresultsin someextrema
of theMS complex with high valency values.Usingtheoriginal largeregion of in-
terference,thehierarchyarounda high-valency extremumdegeneratesinto a linear
sequence.

The adaptive re�nementanddisplayof topologyis usefulfor many areas.Fig-
ure 15 shows the oil pressureof an undergroundoil reservoir. (Oil is extractedby
pressingwater into the reservoir at somesitesandpumpingoil at others.As more
wateris forcedinto thereservoir the reservoir becomesincreasinglysaturatedwith
water, andat somepoint oil productionceasesto beeffective.)The�gure shows an
isosurfaceof watersaturation,pseudo-coloredby oil pressure.Thelinearcolor map
usedin Figure15(c) provides little structuralinformation.However, the seven oil
extractionsitesarevisibleaslocalminimain thesimpli�ed MS complex.
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Figure13(b)showsa renderingof theYakimadatasetusing1201� 1201single-
byteintegervalues,andFigure14showsthecorrespondingMS complex with 17691
critical pointsandthesamecomplex re�ned to preserveonly featuresbelow a func-
tion valueof 0.14(with function valuesscaledto [0;1]) using8063critical points.
Thedensityof theMS complex shows how theregion aroundthecanyonsremains
highly re�ned.

6 Conclusionsand Future Research

We have improvedour original resultsdiscussedin [3] signi�cantly in several dif-
ferentways,moving towardsthe practicalapplicationof topologyfor datavisual-
izationandanalysis.Usingextrematrees,thehierarchyis smaller, moreadaptable,
andsupportsthe useof larger, morecomplicatedMS complexes.Further, extrema
treesareeasyto implementandmaintainduring re�nement.Onedisadvantageof
the new techniqueis that the hierarchyis so �e xible that it becomesimpossibleto
precomputefunction valuescorrespondingto all possibletopologicalre�nements.
Therefore,only theadaptedtopology, not thecorrespondingadaptedfunction,canbe
displayedinteractively. We planto developnew techniquescomputinghigh-quality
topologicalapproximationon-the-�y.
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Fig. 13. (Left) Typical extrematreesof a terrain.Maximaareshown in red,minima in blue,
andarcsin green.Notetheoverall low branchingfactor. (Right)Renderingof originalYakima
dataset.

Fig. 14. (Left) Original MS complex of the Yakimadataset (17691critical points); (right)
adaptively re�ned MS complex, whereonly featuresbelow function valueof 0.14 arepre-
served(8063critical points).

Fig. 15.Pseudo-coloredrenderingandsimpli�ed MS complex of oil-pressuredataset.
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Fig. 16. Renderingof GrandCanyon dataset; (b) original MS complex of (a) using11620
critical points(minimashown in blue,maximain red,andsaddlesin green.)
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Fig. 17. Global view of a �y-o ver of GrandCanyon dataset.Insidethe local view frustum
(yellow) the �nest resolutiontopology is shown on the outsideonly dependenttopology is
used.(Top) The resultsof the original hierarchy;(bottom) re�nement using the improved
hierarchyintroducedin thispaper.
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Fig. 18.Anotherframeof the�y-o ver of theGrandCanyon dataset.(Top)Usingtheoriginal
hierarchy;(bottom)usingextrematrees.


