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Fig. 1. Topologychangesof spherecreatedby sweepingtori throughit: octreecells(left), resultingmesh(middle)
andhigh-qualityrenderingusingenvironmentmapping.

Abstract—This paperdescribesan approach for the parametrizationand
modelingof objectsrepresentedby adaptivedistance�elds (ADFs). ADFs
supportthe constructionof powerfulsolid modelingtools. They can rep-
resentsurfacesof arbitrary and evenchangingtopology, while providing
a more intuitive user interface than control-point basedstructures such
as B-splines.Using the octreestructure, an adaptivelyre�ned quadrilat-
eral meshis constructedthat is topologically equivalentto the surface.
Themeshis thenprojectedonto thesurfaceusingmultipleprojectionand
smoothingsteps.Theresultingmeshservesasthe“interface” for interac-
tivemodelingoperationsandhigh-qualityrendering.
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I. Intr oduction

In recentyears,theindustrialdesignprocesshasmovedto-
wardcomputer-aidedvirtual realitybaseddesign.Theuseof
computer-aidedgeometricdesign(CAGD) techniquesdra-
maticallydecreasesthedevelopmenttimefor productproto-
types.However, dueto severalfactors,thedesignprocessis
still notfully virtual. Creatingintricate(spline)modelsfrom
scratchis still complicated.Therefore,designersoften �rst
createa modelin clay or a similar materialthat is scanned
and convertedto analyticalform. ADFs, as describedby
PerryandFrisken[1] promiseto advancethis process.For
example,using the ADF approacha very powerful virtual
toolkit can be constructedto model clay quite intuitively
and accuratelyin a fully virtual environment. Compared
to othervolumetricmodelingtechniques,suchasa voxel-
based[2] orconstructivesolidgeometry(CSG)[3] represen-
tation,ADFscanprovideimprovedimagequality. However,
thisADF-basedvolumemodelingis only usefulif modeling
canbeperformedinteractively andif theresultcanbecon-

vertedto traditionalCAD modelrepresentations,suchasB-
splines.

Wedescribeafastandsimpleapproachthatcreatesaquadri-
lateralmeshof a surfacein ADF representation.This mesh
canbeusedfor renderingandsubsequentapproximationof
thesurfaceby splines.After discussingrelatedwork in Sec-
tion II, advancedmodelingoperationswill be presentedin
SectionIII, alongwith methodsguaranteeinguser-de�ned
error bounds. In SectionIV, a fastmethodfor modelren-
dering is described. The methodprovides a quadrilateral
meshon thesurfaceof themodelthat is a startingpoint for
conversionto B-splinerepresentation.

II. RelatedWork

Several paperswerepublishedon volume-basedmodeling.
GalyeanandHughes[2] describeda voxel-basedapproach
to volumesculptingthatusesmarchingcubes[4], [5] to dis-
play the model. Later work includes[6], [7], [8]. The ap-
proachesdescribedin thesepapersare limited by low res-
olution dueto thedatasizeof thevolumeandexhibit high
trianglecountsfor the displayedsurface. Adaptively sam-
pleddistance�elds cansolvesomeof thesedif�culties.

ADFs were describedby Frisken et al. [9], basedon ear-
lier work by Gibson[10]. In an ADF approach,discretize
distancefunctions(“�elds”) areusedto representsurfaces.
A distance�eld is a discretevolumetric data set, where
eachsamplepoint hasan associated�eld value, the mini-
mal signeddistanceto the surface. This representationof-
fersthesame�e xibility asavoxel-basedrepresentation,but



requires,in the re�ned adaptive version,muchlessstorage
space.Sincedistancevaluesinsidevoxelsarecomputedus-
ing trilinear approximation,smoothfeaturescanbe repre-
sentedusinga lower resolutionof themodelingspacethan
in a voxel-basedmethod. Frisken et al. storethe distance
�eld valuesin an adaptively re�ned octreeto reducedata
sizeandincreaselocal accuracy of thedistance�eld. With
thesere�nements,ADFs canprovide the framework for a
powerful modelingengine. In [1], Perry and Frisken de-
scribea methodfor creatinga surfacemesh; this will be
discussedandcomparedto ourapproachin SectionIV.

In principle,geometricmodelingis doneusingasolidmod-
eling or surface modeling approach. Solid modeling is
mostlybasedonadirectvoxel representation[2]. Themod-
eling spaceis divided into voxels that are segmentedinto
two categories:Voxelslie insideor outsidethemodel. The
advantageof this methodis its �e xibility . Arbitrary topol-
ogycanbemodeled,andtopologicalchangesrequirenoad-
ditionalwork. However, sincethemanageabledatasize,and
thereforeresolution,is limited, imagequality remainspoor
andprecisionlimited.

On the otherhand,surface-basedmodelingtechniquesare
usedextensively in industry. Extensive researchdescribing
virtual modelingusingsurfacedeformationshasbeencon-
ducted[11], [12], [13]. However, mostof theseapproaches
sharetwo fundamentalproblems: (1) Surfacemodelsare
control-pointbased,andthemodelingprocessis in its nature
indirect. Even thoughmuchwork on direct free-formde-
formations(FDDs) [14] hasbeendone,thesemethodsstill
modify control points. (2) The initial topologyof control-
point-basedstructuresremainsa problem. For all practical
purposes,thisstructurecannotbechangedeasily, andthere-
fore thetopologyof themodelitself cannotchange.

Our work combinessolid modelingwith surfacemodeling
approaches.ADFs areusedto model objectswithout any
topologicalconstrains.A fastandsimplemethodto gener-
atea surfacemeshfor any given object is provided. This
approachallows us to achieve interactive renderingrates
andhigh imagequality. A bene�t of a mesh-basedrepre-
sentationis that the resultingmeshprovidesa good start-
ing point for converting a quadrilateralmeshto a (tensor-
product)spline-basedrepresentation.

III. Modeling

A primaryadvantageof ADFs is their �e xibility . This is es-
pecially truefor the implementationof Booleanoperations.
For example,thedifferencebetweenthedistance�eld of an
object ��� andthe distance�eld of a tool ��� canbe com-
putedby 	�

�����

�����
�

��� , seeFigure2. All otherBoolean
operations(union,intersection)andADF toolscanbecom-
putedin thesamefashion[9]. In general,modelingis done
asfollows: Dependingon thetool size,a small local neigh-
borhoodof theoctreearoundthe tool is updated.The spe-
ci�c updaterulesarede�nedby theoperation,e.g.,carving,
adding,etc. The following criterion is used:An octreecell
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Fig. 2. Isolinesof a distance�eld before(a) andaftercarv-
ing operation(b).

is split if the local trilinear approximationof the distance
�eld in the cell differs by more than a user-de�ned error
boundfromthedistance�eld givenby thetool. In thesame
manner, eightchildrenaremergedwhentheparentnodeap-
proximatesthedistance�eld within theerrorbound.During
modelingoperations,weareinterestedin theisosurfaceof a
distance�eld f(x,y,z). Theisosurfacef=0 representsthesur-
faceto bemodeled.Therefore,theerrorintroducedby only
updatingtheoctreelocally is not signi�cant in our applica-
tion. Booleanoperationsalso introducean inherenterror,
asdescribedby Breenet al. [15], for pointsnot closeto the
surface. However, techniquesexist that cancorrectthis er-
ror if necessary, see[16], [15]. For surfacemodelingand
renderingonly values“closeto” thesurfaceneedto becor-
rect. Sincegreatererrorsareintroducedwhereonemoves
away from thesurface,it is reasonableto applyanadaptive
error bound: If the user-de�ned error boundis � , we want
this boundto be effective for cells whosecentersare less
than ��� away from the surface(where � is a user-de�ned
constant).From thereon, we want the error boundto de-
cline quadraticallywith increasingdistanceto the surface,
shown in Figure3. Accordingto thedesiredproperties,we
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Fig. 3. Adaptiveerror bound.

de�ne theadaptive error bound �� as: ������ , if ���! ���� , or
��"�#��$&%'�

�

�
���)(+*-,/.

0)132 , otherwise.Theparameter�
� de-

notesthe distanceof a cell centerto the surface,and 4 is
anotheruser-de�ned constant.For an even lessprecisebut
faster-to-calculateerrorbound,onecanignoreall cellswith
distancevalues�

� greaterthansomeconstant,see[1]. An



adaptiveerrorboundhastwo advantages:(1) It reducesthe
numberof octreecells.(Dependingon � , 4 andthesizeof
theoctree,we haveobservedsavingsby morethananorder
of magnitude.) (2) It solvestheproblemof critical pointsin
thedistance�eld.

Ourmethodof enforcingtheerrorbounddependson thelo-
calderivativesof thedistance�eld. Distance�elds cancon-
tain critical pointswherethegradientis ill-de�ned. An ex-
ampleis shown in Figure4. Thesecritical pointsde�ne the
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Fig. 4. Part of medialaxisof anobject.

medialaxis, see[17], [18] for details. Suchcritical points
aregenerallyfaraway from thesurfaceandarenot of inter-
est. However, dueto ill-de�ned gradients,cells aroundthe
critical pointsareusuallysubdividedfurtherthancellsclose
to thesurface.An adaptiveerrorboundsolvesthisproblem.

IV. MeshCreation

To renderan ADF at interactive rates,polygon rendering
techniquesmustbe applied. PerryandFrisken [1] usethe
centersof whatthey call “boundaryleafcells” (called“data-
leaf cells” by us) asverticesfor a triangulation. Basedon
thelocal neighborhoodof theseleaf cells,certainedgesare
chosenandtrianglesareconstructedaroundthem.Thever-
ticesarethenprojectedontothesurfaceandthetrianglesare
relaxedto improvetrianglequality. Thedisadvantageof this
approachis that it cancreatecracks. However, crackscan
bedetectedandeliminatedby locally re�ning theoctree.

We usea differentapproach.Sincea primary goal is the
eventual conversion to a spline representation,we prefer
dealingwith quadrilateralelements.If a “nice” quadrilat-
eralmeshcanbeconstructed,existing methodscanbeused
to convert themeshesto splines,e.g.,hierarchicalB-splines
[19]. A methodthatautomaticallydisplaysthecorrecttopol-
ogyof thedistance�eld is alsopreferable.

Our methodworks as follows: Throughoutthe modeling
process,eachoctreenodeupdatesa data�ag. This �ag is
truewhenthenodeor oneof its childrencontainsor touches
partsof the surface. An octreenode“touches” a surface
whenthedistancevaluesateachof its cornershavethesame
sign but oneor moredistancevaluesarezero( or closeto
zerowithin a user-de�ned errorbound.)A node“contains”
partsof a surfacewhenat leasttwo of thedistancevaluesat
eachcornerhave a differentsign, seeFigure5. All leaves
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Fig. 5. Cellstouching/containingsurface.

that containor touch the surfaceare called “data leaves.”
Figure6 showsthedataleavesof abowl.

Fig. 6. Data leavesof a bowl.

The union of all dataleavesde�nes a set that is topologi-
cally equivalentto thesurface,(within a user-de�ned error
bound.) Consideringan orientabletwo-manifold surface,
eachdataleaf hasat leastonefaceneighborthat is alsoa
dataleaf. A leaf is a data-leafwhenit containsthesurface
or touchesit. If the leaf containsthe surface,the dataat
cornersof at leastonefacewill have a differentsign. How-
ever, sincethereis an octreenodethat sharesthis face,it
would also be chosenasa dataleaf. Therefore,leaf A in
Figure7 would have a dataleaf asfaceneighbor. If a data
leaf touchesthesurface,thereis at leastonecornerthathas
adistancevalueof zero.Sincethiscorneris sharedby eight
octreenodes,all eightnodesaredataleaves.Therefore,the
�rst leaf hasat leastthreefaceneighborsthatarealsodata
leaves,seeFigure7 (b).
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Fig. 7. Faceneighbors for nodecontainingsurface(a) and
nodetouchingsurface(b). Verticesmarked“+” areout-
sidetheobject,theonesmarked“-” are inside.

We now considerthe set F of all facesof all dataleaves:
Data leaves are divided into threecategories: (1) outside



faces;(2) insidefaces; and(3) partnerfaces. A face>�?"@BA

is calledpartnerfacewhena face >

*

@CA exists suchthat
> ? and >

*

containthesameverticesin oppositeorientation.
All otherfaceslie eitheron the insideor theoutsideof the
surfaceandarenamedaccordingly. The subsetof all out-
sidefacesde�ne a quadrilateralmeshthat is topologically
equivalentto thesurface. By connectingall faces,project-
ing theverticesonto thesurfaceandrelaxingthemesh,we
can createa meshwhoseverticeslie exactly on the sur-
face.Thespecialcasewherefacesof differentlevelsshare
an edgecanbe detectedeasily. In the octree,neighboring
cellsareallowed to beonelevel apart. Therefore,theonly
specialcasethatcanoccuris depictedin Figure8. For the

(a) (b)

Fig. 8. Avoidingcracksbetweenlevels: before connection
(a) andafter connection(b).

projectionof verticeswe �rst calculateanapproximatesur-
facenormal.(Onecaneitherusethevolumetricinformation
containedin the octreeof the surfacenormalsof the cur-
rentmesh.)TheADF providesa distance-to-closest-surface
valuefor eachvertex amdwe move the vertex by this dis-
tancealongits normal.Theresultingmeshis smoothed(re-
laxed) to distribute the verticesmoreevenly, usingfor ex-
amplea Laplaciansmoothing. If necessary, the procedure
is repeated.Ususallyat mostthreeproject/smoothstepsare
necessaryto move all meshverticesonto the surface. Our
approachavoidscracksandmaintainsa quadrilateralstruc-
ture.To selecteall outsidefacesonemustconsiderefor each
dataleaf which of its six facesmustbe created.This deci-
sion is basedon the distancevaluesat the cornersandthe
leaf's resolutionlevel relative to thatof its neighbors.

Severallspecialcasescanoccurfor whichtheconnectionof
facesis not straightforward.In Figure9, four facessharean
edge,andtheconnectivity is notnecessarilyobvious.Many
more complicatedspecialcasesexist, but will not be de-
scribedin thispaper. For displaypurposes,it doesnotmatter
how theseedgesareconnected.

Fig. 9. Four facessharingedge(bold).

V. Results

Figure1 shows threeviews of thesamemodel. Themodel
wascreatedby sweepingatorussuccessively alongthethree
coordinateaxesthrougha sphere.This resultsin multiple
topology changes.Not only can our algorithm createthe
�nal meshbut it canalsocreatetopologicallycorrectmeshes
at any timeduringthecarvingprocess.Figure10showsthe
UC Davis mascotasa3D model.Onenoticesthatthemodel
is representedasa closed D

?

*

D surface. Figure12 shows a
spherewith four rectanglescarvedoutandtwo holesdrilled
into it. In theclose-upview of themesh(Figure13)onecan
seethe highly adaptedmeshthat capturesthe sharpedges.
In Figure11 we show a cuberotatedaroundonediagonal.
Both edgesandcornersarepreserved.

The smallermodels,like the cube,consistof about10000
faceswith a level-7 octree, while the mascothas about
155000facesand a level 11 octree. The smallermeshes
requiredlessthan one secondto generate,only the Davis
mascotmeshrequiredthreeto four seconds.However, we
areusingour prototypeimplementationwhich is not opti-
mized.

Fig. 10. Three-dimensionalmodelof theUC Davismascot.



Fig. 11. Cubepartially “r otated” aroundits diagonal.

VI. Conclusions

We have describedan algorithm that converts objects in
ADF representationto a two-dimensionalsurfacerepresen-
tationconsistingof quadrilaterals.Within a user-de�ned er-
ror bound,this quadrilateralmeshis topologicallyequiva-
lent to the object's surface. The creationof the meshis
numericallystableandcanbe usedfor ef�cient rendering.
This approachcombinesthemodelingtechniquesprovided
by ADFs with fastpolygon-basedrendering. We areable
to model objectsof any topology, as long as their surface
is an orientabletwo-manifold. More importantly, changes
in topologyareeasily obtainedas “byproducts”of simple
operationsonanunderlyingADF representation.

VII. Futur eResearch

Our methodhasproducedpromisingresults. Someissues
needto bestudiedin moredetail.We arecurrentlyworking
on several methodsto improve meshcreationandappear-
ance.To further increaserenderingspeedthemeshshould
only changein a certainneighborhoodfor local modeling
operations.Additional work alsoneedsbedoneconcerning
theuserinterface,especiallyfor virtual environments.

Several researchdirectionsare possible. As of now, our
mesh still containsmany extraordinaryvertices (vertices
with valencesunequalfour). We are investigatingalgo-
rithms to topologically “clean up” the meshto reducethe
numberof suchextraordinaryverticessubstantially, without
distortingthemeshtoomuch.Furthermore,userstudiesare
neededto determinewhat type of modelingtools aresuit-
ablefor which typesof modelingapplications.Especially,
it shouldbe clearly de�ned what kind of modelingwill be
performedbestusingstandardCAGD techniquesandwhat
typecouldbene�t mostfrom ADF techniques.

Fig. 12. Sphericalsolid manipulatedby multiple carving
operations.

Fig. 13. Magni�ed view of a holeof geometryfromFigure
12.
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