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ABSTRACT

For view-dependentvisualization,adaptively re�ned volumetricmeshesareusedto adaptresolutionto givenerrorconstraints.

A meshhierarchy basedonthe 3
p

2-subdivisionschemeproducesstructuredgridswith highestadaptivity. Downsampling�lters

reducealiasingeffectsandleadto higher-qualitydatarepresentation(in termsof lowerapproximationerror)atcoarserlevelsof

resolution.Wepresentamethodfor applyingwavelet-baseddownsampling�lters to adaptively re�ned meshes.Weusealinear

B-splinewavelet lifting schemeto derive narrow �lter masks.Using thesenarrow masks,thewavelet �lters areapplicableto

adaptively re�ned mesheswithout imposingany restrictionson theadaptivity of themeshes,i. e., all wavelet �ltering opera-

tionscanbeperformedwithout furthersubdivision steps.We de�ne rulesfor vertex dependenciesin wavelet-basedadaptive

re�nementandresolvethemin anunambiguousmanner. Weusethewavelet�lters for view-dependentvisualizationin orderto

demonstratethefunctionalityandthebene�tsof our approach.Whenusingwavelet �lters theapproximationquality is higher

at eachresolutionlevel. Thus, lesspolyhedraneedto be traversedby a visualizationmethodto meetcertainerror bounds/

qualitymeasures.
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1 Intr oduction

Due to substantialimprovementsin computingpower and imaging and sensortechnologiesin recentyears,today's data-

intensive applicationsaregeneratinghugeamountsof datain shorterandshortertime frames.Simulatingthree-dimensional

phenomena,measuringscalar�elds in a three-dimensionalenvironment,or scanningwith three-dimensionaldevicesleadto

large-scalevolumedata,possiblyvaryingover time. In-coredataexplorationandvisualizationtoolscannotbeappliedto such

datasetsathighestresolution.Usingmultiresolutionapproaches,downsamplingcanbeusedto reducedatasetsto manageable

sizes,andamultiresolutionhierarchy is employedto representdataat variouslevelsof resolution.

Applying in-corevisualizationtools to anappropriatelevel of resolutioncanleadto ratherlow-quality images.A well-

known conceptin computergraphicsandvisualizationusedto improveimagequalityin ahierarchicalsettingis view-dependent

re�nement: Insteadof visualizinganentiredatasetat thesamelevel of resolution,resolutionis adaptedto viewing parameters

in the three-dimensionalscene.Regionscloseto theviewpoint andthe line of sight shouldbegivenhigherpriority. In such

regions, datashouldbe available at “suf�ciently” high resolution,whereasother regions can remainat lower resolutions.

What is consideredto be suf�cient, dependson the application,the user, the resolutionof the outputdevice, andframe-rate

requirements.

To obtainbetterapproximationsof a datasetat coarselevels of resolution,downsampling�lters canbe appliedwhen

generatinga multiresolutionhierarchy. In [15, 16], we showed that �lters basedon linear B-spline waveletssigni�cantly

improve approximationquality. However, downsampling�lters basedon non-constantB-splinewaveletscanonly beapplied

ef�ciently whende�ned over structured(rectilinear, tensor-producttype)gridspermittingtheuseof a regulardownsampling/

re�nementscheme.On theotherhand,view-dependentvisualizationcanbeperformedmoresuccessfullywhenthere�nement

schemesupportshighadaptivity. Thus,weusethe 3
p

2-subdivisionscheme,aregularre�nementschemewith �nest granularity

supportinghigh adaptivity. Thesplitting stepsof the 3
p

2-subdivision schemeareequivalentto longest-edgebisectionapplied

to a tetrahedralmesh.Wedescribemultiresolutionhierarchy constructionbasedon 3
p

2 subdivision in Section3.

Non-constantB-splinewaveletshave thepropertythatthecomputationof thewaveletcoef�cient atavertex p is notonly

basedontheneighborsof p but alsoonverticesfartheraway. Larger�lters reduceadaptivity of amultiresolutionrepresentation.

Lifting schemeswith narrow �lters canbeusedto overcomethisproblem.In Section4, wedescribea lifting schemefor linear

B-splinewavelets.

The applicationof the lifting schemeto an adaptive settingis not straightforward. In an adaptive setting,verticesare

representedat different levels of resolution,whereasthe lifting schemerequiresall of themto belongto the samelevel. In

Section5, we discusshow thewaveletdownsampling�lters canbeappliedto anadaptive settingusingthe lifting scheme.In

Section6, weshow how thiswavelet-basedadaptive settingis usedfor view-dependentvisualization.

2 Relatedwork

Adaptive re�nementof meshesandview-dependentvisualizationtechniquesweredevelopedwhenintensive researchon ter-

rain renderingstarted,abouta decadeago. To date, many view-dependentapproachesexist for height�eld-like surfaces

[4, 2, 9, 12, 36] and also for more generalpolygonalsurfaces[8, 13, 14, 21, 3]. For scalar-valuedvolume data,one can

extract multiresolutionhierarchiesof isosurfaces[5, 35]. However, theseapproachesarenot suitablefor large-scalevolume

visualization,sincestoringall hierarchiesof all possiblyimportantisosurfaceswould requiretoomuchstorage.

2



Recenttechniquesusemultiresolutionvolume representationand extract view-dependentisosurfacesfrom adaptively

re�ned volumedata[7, 19, 20, 28]. Theseapproachesaretypically basedon structuredgridsandregular re�nementschemes

[18, 22, 24, 26, 30, 34, 37] for establishinga multiresolutionhierarchy, sincevertex positionsand meshconnectivity are

implicitly de�ned for structuredgrids,leadingto fasterdataaccessandloading,which is crucialfor interactivity.

Onemajor drawbackof approachesbasedon structuredgrids is low adaptivity, which is of high importancefor view-

dependentvisualization.Themultiresolutionhierarchy with highestadaptivity is atetrahedralmeshhierarchy basedonlongest-

edgebisection[6, 7, 24, 37]. The splitting stepof the 3
p

2-subdivision schemeis equivalent to longest-edgebisectionfor

tetrahedralmeshes.In fact, for implementationpurposeswe have usedtetrahedralmeshes,sincethey canbe supportedby

existingvisualizationtools.Thederivationsanddescriptionsof thetechniquesaremoreeasilyexplainedwhenusingthe(more

general) 3
p

2-subdivisionschemefor (initially) hexahedralmeshes.

3 Multir esolutionwith 3
p

2 subdivision

A multiresolutionhierarchy basedon 3
p

2 subdivision is constructedby startingwith the coarsestresolutionof a given mesh

anditeratively applying 3
p

2-subdivisionsteps.Thesubdivisionstepscanbeperformedsimultaneouslyfor all meshelements.

Thesplitting stepof the n
p

2-subdivision schemewasdescribedby CohenandDaubechies[1] for dimensionn = 2 and

Maubach[23] for arbitrarydimensionn. Figure1 illustratesfour splitting stepsof a
p

2 subdivision (n = 2). To split the

quadrilateralQ, we computeits centroidc andconnectc to thefour verticesof Q. The“old” edgesof themeshareremoved

(exceptfor the edgesdeterminingthe mesh/domainboundary).Velho andZorin [33] completedthe
p

2-subdivision scheme

by addingan averagingstepto the splitting step. They showed that the producedsurfacesareC4-continuousat regular and

C1-continuousatextraordinaryvertices.

c
Q

Figure1. Fourstepsof
p

2 subdivisionappliedto quadrilateralQ.

This subdivision schemecanbegeneralizedto arbitrarydimension[15, 16, 25]. Thesplitting stepof the n
p

2 subdivision

is executedby insertingthecentroidof then-dimensionalgeometricalshapesandadjustingvertex connectivity. Theaveraging

stepappliesto everyold vertex v thelinearupdaterule

v = � v + (1 � � )w ;

wherew is thecentroidof theadjacentnew verticesand� 2 [0; 1].

Figure 2 shows three 3
p

2-subdivision splitting steps(� = 1) for structuredrectilinearvolume data. Threekinds of

polyhedralshapesarise,shown in Figure3.

With respectto the start con�guration (�rst picture of Figure 2), the threesubdivision stepscan be describedin the

following way: The�rst stepinsertsthecentroidof thecuboid(secondpictureof Figure2); thesecondstepinsertsthecenters

of thefacesof theoriginalcuboid(third pictureof Figure2); andthethird stepinsertsthemidpointsof theedgesof theoriginal

cuboid(fourthpictureof Figure2).
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Figure2. Threestepsof 3
p

2 subdivisionappliedto acube.
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Figure3. Polyhedralshapescreatedby 3
p

2 subdivision: octahedron,octahedronwith split faces,andcuboid.

Thus,three 3
p

2-subdivisionstepsproducethesameresultasoneoctreere�nementstep.Thetwo stepsin betweenleadto

�ner granularityandthushigheradaptivity.

4 Wavelet lifting scheme

Whendownsamplingvolumedatain aregularfashion,datais not“grouped”dueto variationin thedata.Thus,aliasingartifacts

occurandimportantdetailsmaybemissingat coarselevelsof resolution.We overcomethis problemby usingdownsampling

�lters. In imageprocessing,suchdownsampling�lters arecommonlyemployedwith wavelets.

A family of �lters canbe derived by usingB-splinesof variousdegreesfor wavelet generation.(For an introduction

to B-splinetechniques,we refer to [27].) However, whenusingnon-constantB-splines,the sizeof the wavelet �lters is not

limited to adjacentvertices.Localizationis desirablewhenwe wantto applywavelet�lters to adaptive re�nementandout-of-

corevisualizationtechniques.Lifting schemes,asintroducedby Sweldens[31], decomposewaveletcomputationsinto several

steps,but they assertnarrow �lters. We review the idea of lifting, and lifting of B-spline waveletsfor 3
p

2 subdivision in

particular.

Theideaof a lifting schemeis shown in Figure4, usingtheexampleof linearB-splinewavelets.For downsampling,the

verticesof a level of resolutionL n aresplit into two groups:theonesthatbelongto thenext coarserlevel of resolutionL n � 1

(oftenreferredto aseven vertices)andtheonesthatbelongto L n nL n � 1 (oftenreferredto asodd vertices).Insteadof applying

a large downsampling�lter to the verticesin L n � 1, the lifting schemedecomposesthe large �lter into two narrow onesand

executestwo steps.First,onenarrow �lter (w-lift) is appliedto theverticesin L n nL n � 1. Second,theothernarrow �lter (s-lift)

is appliedto theverticesin L n � 1. This processis usuallyreferredto asencoding, andthevaluesat theverticesin L n n L n � 1

arecalledwaveletcoef�cients. Thedecodingstepinvertsthe two encodingstepsandreconstructslevel L n from level L n � 1

usingthewaveletcoef�cients.
Thelifting �lters canbedescribedby masks. For example,theone-dimensionalB-splinewavelet lifting �lters aregiven

by

s-lift(a; b):
�

a b a
�

and (1)

w-lift (a; b):
�

a b a
�

: (2)
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Figure4. One-dimensionallinear B-splinewavelet lifting: By consecutively applyingw-lift ands-lift operation,a coarser

resolutionlevel L n � 1 andcorrespondingwavelet coef�cients arecomputedfrom a �ner resolutionlevel L n . Inverselifting,

i. e.,computinglevel L n from level L n � 1 andthecorrespondingwaveletcoef�cients, is executedby applyingtheinverselifting

opertaionsin inverseorder.

Using the s-lift andw-lift masks,a linear B-splinewavelet encodingstepis de�ned by sequentiallyexecutingthe two

operations

w-lift (� 1
2 ; 1) and

s-lift( 1
4 ; 1) :

A linearB-splinewaveletdecodingstepis de�ned by executingtheinverseoperationsin reverseorder. They are

s-lift(� 1
4 ; 1) and

w-lift ( 1
2 ; 1) :

The 1D �lters in Equations(1) and (2) canbe generalizedto 2D �lters for quadrilateralmeshes(representingtensor-

productsurfaces)in a quadtree-like settingandto 3D �lters for hexahedralmeshesin anoctree-like settingby convolution of

the1D masksin thetwo or threecoordinatedirections,respectively. For example,onewouldgetthe2D maskby

�
a b a

�
�

0

B
B
B
@

a

b

a

1

C
C
C
A

=

0

B
B
B
@

a2 ab a2

ab b2 ab

a2 ab a2

1

C
C
C
A

:

Waveletsfor generaldilationmatriceswerediscussedbyRiemenschneiderandShen[29], whousedabox-splineapproach.

Kova�cević andVetterli [11] and,morerecently, Uytterhoeven[32] andKova�cević andSweldens[10] developedlifting schemes

that canbe appliedto n
p

2-subdivision meshhierarchies.Uytterhoeven's methodonly addressesthe two-dimensionalcase,

Kova�cević andSweldens'approachdealswith the two- andthree-dimensionalcases.The �lters usedin [10] arenot narrow

enoughfor ourpurposes.Weusethe3D masksfor 3
p

2-subdivisiondevelopedin [15].

In a 3
p

2-subdivision hierarchy, threedifferentkindsof polygonalshapesappear. They areshown in Figure3. Therefore,

threedifferentkindsof masksmustbede�ned for thelifting �lters:

1. Westartwith thesituationshown in thesecondpictureof Figure2. Themasksw-lift (a; b) areof theform

a
b

.
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Themaskss-lift(a; b) areof theform

b
a

.

Themasksarederivedfrom themasksfor octree-basedhierarchiesby linearly interpolatingthevaluesat thenon-existing

vertices.For adetailedderivationandtheexactvaluesfor a andbwereferto [15].

2. In thesituationshown in thethird pictureof Figure2, themasksreduceto 2D maskswhenensuringthatwedonotviolate

thelinear-interpolationassumptionsmadein theabove case.Themasksw-lift (a; b) areof theform

b
a

.

Themaskss-lift(a; b) areof theform

a
b

.

3. In thesituationshown in thefourthpictureof Figure2, themasksreduceto1Dmaskswhenensuringthatwedonotviolate

thelinear-interpolationassumptions.Themasksw-lift (a; b) ands-lift(a; b) of Equations(1) and(2) canbeapplied.

All masksareasnarrow asthey canbe andthusappropriatefor adaptive re�nement. Moreover, the schemenaturally

coversboundaryfacesandboundaryedgesof amesh.

5 Wavelet lifting in adaptivesetting

In anadaptive setting,theverticesof a meshshouldnot all belongto thesamelevel of resolution.Thus,if a vertex is inserted,

we cannotsimply applytheupdaterulesdescribedin theprevioussection,but we have to make surethattheneighborvertices

(theonesbelongingto thesupportof theupdatemasks)areat theright levelsof resolution.We mayhave to “raise” neighbor

verticesto theappropriatelevel of resolution�rst.

Moreover, whenapplyinga local subdivision stepto a polyhedronP, we cannotsimply apply onemaskto updatethe

verticesof P, but we must apply the updaterules for all adjacentpolyhedrathat sharean updatedvertex with P. When

insertinga new vertex, we mustupdatethevaluesaccordingto the lifting scheme,i.e., we �rst mustexecutes-lift operations

for theneighborsof thenew vertex andthenw-lift operationsfor thenew vertex. Again, we have to distinguishthreecases,

dependingon thekind of vertex beinginserted:
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1. Wheninsertingavertex N wemustapplythefollowing w-lift mask:

a
b

.

For linearB-splinewavelets,we obtaina = 1
8 andb = 1. Let Np be thesetof neighborverticesof a vertex p, which

belongto the supportof the updatemaskappliedto p. For example,if p is the vertex N, N p is the setof vertices� .

Accordingto thelifting scheme,we �rst updatethevertices� beforeupdatingN. Weapplythefollowing s-lift mask:

b
a

.

For linearB-splinewavelets,weobtaina = � 1
64 andb = 1.

2. Wheninsertinga vertex M we mustapply the two-dimensionalw-lift masksfrom the previous sectionto all possible

directions.Thesemaskscanbecombinedinto asinglew-lift mask,givenas

b'
a'

.

For linear B-splinewavelets,we obtaina0 = a
3 = 1

12 andb0 = b = 1. Again, we �rst updatethe vertices� before

updatingM. Wecombinethetwo-dimensionals-lift masksfrom theprevioussectionin asingles-lift mask:

a'
b'

.

For linearB-splinewavelets,weobtaina0 = a
3 = � 1

48 andb0 = b = 1.

3. Wheninsertinga vertex � we mustapply theone-dimensionalw-lift masksfrom theprevioussectionto all directions.

Wecombinetheminto asinglew-lift mask,givenas

b'
a'

� 

!"

.

For linearB-splinewavelets,we obtaina0 = a
3 = 1

6 andb0 = b = 1. We updatethevertices� beforeupdating� . We

combinetheone-dimensionals-lift masksfrom theprevioussectionin asingles-lift mask:
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For linearB-splinewavelets,weobtaina0 = a
3 = � 1

48 andb0 = b = 1.

Whenremoving a vertex we applytheinversemasksin inverseorder. Theinversemaskshave thesamestructure,but different

valuesa andb.

Thedependenciesbetweenverticescanbede�ned andresolvedasfollows: Initially, we assigna uniquelyde�ned index

n to every vertex in themultiresolutionhierarchy, indicatingto which level L n a vertex belongs(seeSection4). Theindexing

startswith zerofor theverticesbelongingto thecoarsestresolutionlevel L 0.

To illustratehow to resolve dependencies,we discussthe exampleshown in Figure5. The �rst pictureshows the start

con�gurationwith all verticesin L 0. In thesecondpicture,a �rst vertex N is inserted,which mustbein L 1. Thethird picture

shows thatthevaluesat thevertices� areupdated�rst by executingans-lift operation(their indicesareraisedby one),before

thevalueat vertex N is updatedby executingaw-lift operation,shown in thefourthpicture(its index is beinginitialized).

0 0

0 0

0

0

0

0

0 0

0 0

0

0

0

0

1 1

1

1

1

1

1
1

1 1

1

1

1

1

1
1

1

Figure5. Waveletlifting wheninsertingvertex N: Beforeupdatingvertex N, surroundingverticesneedto belifted to appropri-

ateresolutionlevel.

In general,whena vertex p with index n is inserted,a w-lift operationmustbeappliedto updatethevalueat thatvertex.

Theexecutionof thew-lift requiresthatall verticesin N p areactiveandhave index n. Thesubdivisionschemealreadyensures

thatall verticesin Np areactive,beforeit insertsthevertex p [7].

Wemustensurethattheverticesin Np have index n. Theappropriates-lift operationsareexecuted.Eachexecutionof an

s-lift operationraisesthe index by one. For theexecutionof ans-lift operationat a vertex q 2 N p , theverticesin Nq do not

needto beactive. In fact, they arenever active, sincethevertex q would alreadyhave beenupdated,if any vertex in N q had

beeninsertedearlier. Moreover, theverticesin N q arenotupdatedbeforethey areselectedfor insertionandbecomeactive. At

thatpoint, theincreasedindex of vertex q indicatesthatq hasalreadybeenupdatedbefore.

We concludethatthewavelet�lters do not reducetheadaptivity of theentiresystem,sinceno additionalverticeshave to

beinsertedfor applyingthewaveletlifting masks.

6 Wavelet-basedview-dependentvisualization

To validateour adaptive wavelet lifting scheme,we have applied it to view-dependentvolume visualization. In a view-

dependentsetting,resolutionshouldbe high next to the viewpoint (or the focusof attention)anddecreasewith increasing

distancefrom theviewpoint.
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Figure6. Reversingsubdivisionsteps:All vertex dependenciesmustbecheckedwhenapplyinginverselifting operations.Only

to verticeswith nodependenciesinverselifting canand(for consistency) hasto beapplied.

We de�ne an approximationerror E(P) for every polyhedronP accordingto an error metric. Following the approach

describedin [17], P is subdivided whenits error E(P) is beyond a threshold,wherethe thresholdincreaseswith increasing

distancefrom theviewpoint. Let d(P) bethedistancefrom P to theviewpoint,dmax themaximumdistancefrom theviewpoint

(or therangeof sight),andEmax themaximumapproximationerror. P is subdividedwhen

E(P) >
d(P)
dmax

Emax :

Theparametersdmax andEmax areapplication-speci�canduser-controlled.For �y-through dataexploration,onecanrestrict

subdivision stepsto regionswithin theview frustum,which is de�ned by the rangeof sightdmax anda maximumdeviation

anglefrom theline of sight.Notethattheadaptiveresolutionof themeshis solelydeterminedby theview-dependentvisualiza-

tion application.We do not performa waveletcompression.Thewavelet�lters areusedto improve theapproximationquality

for agivenresolutionandnot to determinetheadaptive resolutionof themesh.

For thede�nition of theapproximationerror, we usea simpleandthusef�cient errormetric. Giventheoriginal function

F at thediscretesamplevalues,theerrorfor apolyhedronP is de�ned as

E(P) =

s
1

jP j

X

x 2 P

�
F (x) � f (x)

� 2
;

wherejP j denotesthevolumespannedby P andf (x) thevalueat x linearly interpolatedfrom thevaluesat theverticesof P.

Weaddtheapproximationerrorsatall verticesx of the�nest resolutionlevel thatlie in P. Onecande�ne ascreen-spaceerror

by projectingE(P) onto the screen.For someapplications,we have useda moresophisticated,data-dependenterror metric

thatalsotakesachosenisovalueinto account,see[6].

Whena polyhedronP is subdivided, thevertex insertedby thesubdivision stepis updated(usinga w-lift operation),in

additionto all theverticestheinsertedvertex is dependenton (usingans-lift operation).Thelatterarenot necessarilyvertices

of P. Whena subdivision stepis reversed,thesameverticesareupdatedagain usingthe inverselifting operationsin reverse

order. Someof the s-lift operationsmustnot be reversed.For example,Figure6 shows a meshwith two adjacentcuboids,

wherein a �rst stepthe�rst cuboidis subdivided,in a secondstepthesecondcuboidis subdivided,andin a third stepthe�rst

subdivisionstepis reversed.To someof thevertices� , to whichans-lift operationhasbeenappliedin the�rst subdivisionstep

(theirnew index is 1), wemustnotapplythereverses-lift operation,sinceanew dependency hasbeengeneratedby thesecond

subdivisionstep.

Following theserules,theindex of a vertex in anadaptively re�ned meshis alwaysuniquelyde�ned andconsistentwith

its neighborhood.
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(a) (b)

Figure 7. View-dependentvisualizationof Lung dataset using adaptively re�ned 3
p

2-subdivision mesh. Lifting schemes

have beenusedto apply linearB-splinewavelet �lters to theadaptive meshhierarchy. (a) Adaptively re�ned 3
p

2-subdivision

mesh.(b) Visualizationof isosurface,which is shown from thesideto illustratethedecreasingresolutionlevel with increasing

distancefrom thefocuslocatedontheright handside.(Datasetcourtesyof E.Wisner, Departmentof SurgicalandRadiological

Sciences,Universityof California,Davis)

7 Results

Figure7 shows a view-dependentvisualizationof a primatelung dataset. Thesizeof theshown CT datasetis 512� 512�

266, and the rangeof the valuesis [0; 255]. For visualizationpurposes,we have extractedan isosurface(for isovalue 86)

from anadaptively re�ned 3
p

2-subdivision hierarchy, wherelinearB-splinewavelet �lters have beenusedfor generatingthe

multiresolutionhierarchy. The wavelet �lters have beenappliedto the adaptive settingusing the describedlifting scheme.

Figure7(a)shows theadaptively re�ned mesh,wheretheviewpoint is locatedat thecenterof the“right” quadrilateralfaceof

theboundingbox. Figure7(b) illustrateshow view-dependentvisualizationworksby showing theextractedisosurfacefrom a

point thatdoesnot coincidewith theviewpoint usedfor view-dependentisosurfaceextraction. It canbeseenclearlyhow the

resolutionchangesfrom �ne to coarsein theadaptively re�ned mesh.

In [15], weshowedtheimprovementin qualitywhencomparingtheresultsobtainedwith wavelet�lters to thoseobtained

without wavelet �lters in a non-adaptive setting. Typically, approximationerror is 10 to 15% lower whenapplyingwavelet

�lters, anderror reductionis higherwhenconsideringcoarserresolutions.For theview-dependentsetting,we have observed

the samebehavior. Thus, in order to meeta certainerror bound(as de�ned in the last section),we needto processless

polyhedraand,whenapplyingisosurfaceextraction,needto displaylesstriangles.Theamountof polyhedraandtriangleswe

save is proportionalto (andin thesamerangeas)theerrorreduction.

In Figure8, we provide a visualcomparisonof view-dependentvisualizationwith andwithout wavelet �lters. Thedata

setis a CT scanof a Bonsaitree.Thesizeof thedatasetis 2563, andtherangeof thevaluesis [0; 255]. Figure8(a)shows an

isosurface(for isovalue42) extractedfrom anadaptively re�ned 3
p

2-subdivision hierarchy without wavelet �lters; Figure8(b)

showsthesameisosurfaceextractedfrom anadaptively re�ned 3
p

2-subdivisionhierarchy with wavelet�lters. Bothhierarchies

satisfythesameerrorbound.Thehierarchy with wavelets�lters requires868polyhedralessto meettheerrorcriterion. The
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(a) (b) (c)

Figure8. Comparingisosurfacesextractedfrom adaptively re�ned 3
p

2-subdivisionhierarchy without (a)andwith (b) wavelets

�lters for Bonsaidataset.Thevisualizationwith wavelet �lters requireslessgeometryto meetsameerrorcriterion/ approxi-

mationquality. (c) High-qualityvisualizationof anadaptively re�ned 3
p

2-subdivisionhierarchy with wavelets�lters. Adaptive

re�nementallows usto traverselessthan30% of original amountof geometrywhile producingimagesof samequality. (Data

setcourtesyof S.Roettger, AbteilungVisualisierungundInteraktive Systeme,Universityof Stuttgart,Germany)

extractedisosurfacefrom the hierarchy with wavelets�lters consistsof 2454fewer triangles. Thus,during both isosurface

extractionandrenderingcomputationtimecanbesaved.

Figure8(c) illustratesthe bene�ts of usingadaptive re�nement techniques.The shown isosurface(for isovalue42) is

“visually equal” to the oneextractedfrom the highest-resolutionrepresentationof the dataset,but it is basedon fewer than

30%of theoriginal numberof polyhedra.For adaptive re�nement,we have usedthedata-dependenterrormetricdescribedin

[6]. Thecenterof thedatasethasbeenusedasfocusof attention.

8 Conclusion

We have demonstratedhow wavelet �lters canbe appliedto adaptive re�nementof 3D meshes.The usedunderlyingmesh

hierarchy is basedon 3
p

2 subdivision,which is a regularre�nementschemeleadingto structuredgridswith highestadaptivity.

Sincethe splitting stepsof the 3
p

2-subdivision schemeareequivalent to longest-edgebisectionstepsappliedto tetrahedral

meshes,our techniquescanbeappliedto bothkindsof meshhierarchies.

We have useda linearB-splinewavelet lifting schemeto derive narrow �lter masks,which canbeappliedto adaptively

re�ned 3
p

2-subdivision meshes.We have shown that theapplicationof thewaveletmasksdoesnot imposerestrictionson the

adaptivity of themeshes.All wavelet�ltering operationscanbeperformedwithout furthersubdivision steps.Moreover, when

following thedescribedrulesto de�ne andresolvevertex dependencies,everyvertex is alwaysrepresentedatauniquelyde�ned

level of resolution.

We have appliedour wavelet �lters to view-dependentvisualizationandhave shown thatour methodsarefunctionaland

practical,thatwavelet�lters reduceapproximationerrorin adaptively re�ned meshhierarchies,andthatwavelet-basedadaptive

re�nementcanreducetheamountof polyhedrato beprocessedfor visualizationpurposes.
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[35] Zoë J. Wood, Mathieu Desbrun,PeterSchr̈oder, and David Breen. Semi-regular meshextraction from volumes. In

ThomasErtl, BerndHamann,andAbitabh Varshney, editors,Proceedingsof IEEE Conferenceon Visualization2000,

pages275–282.IEEE,IEEEComputerSocietyPress,2000.

[36] Julie C. Xia and Amitabh Varshney. Dynamic view-dependentsimpli�cation for polygonalmodels. In Roni Yagel

andGregory M. Nielson,editors,Proceedingsof IEEE Conferenceon Visualization1996, pages335–344.IEEE, IEEE

ComputerSocietyPress,1996.

[37] YongZhou,BaoquanChen,andArie E. Kaufman.Multiresolutiontetrahedralframework for visualizingregularvolume

data. In Roni YagelandHansHagen,editors,Proceedingsof IEEE Conferenceon Visualization1997, pages135–142.

IEEE,IEEEComputerSocietyPress,1997.

15



Authors

Lars Linsenis anassistantprofessorof computerscienceat theDepartmentof MathematicsandCom-

puterScienceof theErnst-Moritz-Arndt-Universiẗat Greifswald, Germany. He receiveda B.S.andan
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